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Abstract

There are many equilibria in second-price sealed-bid auctions with a buy price. This
paper analyzes multiple equilibria and then characterizes the set of equilibrium revenues.
A risk-neutral seller who faces risk-neutral bidders can always obtain a positive equilibrium
revenue by introducing a buy price properly. Our result gives a seller a new reason to use

a buy price in Internet auctions.
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1 Introduction

Most research on buy price auctions explains the effects of a buy price from the viewpoint of
seller’s risk attitude or bidders’ risk attitudes. Budish and Takeyama (2001) consider second-
price sealed-bid auctions with a buy price and show that a risk-neutral seller can improve her
expected revenue by properly introducing a buy price when bidders are risk-averse. Hidvégi,
Wang and Whinston (2006) and Reynolds and Wooders (2009) examine English auctions with
a buy price. Though Budish and Takeyama (2001) use a two-bidder two-type framework, they
consider a more general framework, where there are n bidders whose types are continuously
distributed, and prove that seller’s risk-aversion and bidders’ risk-aversion play key roles in

improving a seller’s expected revenue.
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A Buy-It-Now price option has a similar feature to that of a buy price option.! In Buy-It-
Now price auctions, seller’s risk aversion or bidders’ risk aversion also accounts for the effects
on a seller’s expected revenue. Mathews and Katzman (2006) consider second-price sealed-bid
auctions with a Buy-It-Now price and show that a risk-averse seller who faces risk-neutral
bidders can improve her expected revenue by introducing a Buy-It-Now price. Reynolds and
Wooders (2009) analyze English auctions with a Buy-It-Now price and give similar results to
those of buy price auctions.

When both a seller and bidders are risk-neutral, however, a seller cannot increase her
expected revenue by introducing a buy price or a Buy-It-Now price and obtains at most the
same expected revenue as those of second-price sealed-bid auctions or English auctions. In
this sense, it is no substantial benefit for a seller to use a buy price or a Buy-It-Now price
when she conducts second-price sealed-bid auctions or English auctions.?

We consider second-price sealed-bid auctions with a buy price. There are two bidders
whose types are uniformly distributed. In a private value environment, we reveal an advantage
of a buy price when both a seller and bidders are risk-neutral. For this purpose, we attempt to
examine the effects of a buy price from another perspective. Inami (2011) highlights that there
is an asymmetric equilibrium in addition to a symmetric equilibrium in second-price sealed-
bid auctions with a buy price. We focus on multiple equilibria in the analysis. To examine
an equilibrium as much as possible, for example, we consider an equilibrium composed of a
strategy such that a bidder whose all types belong to one interval bid the same bid.

Milgrom (1981) points out that there are many equilibria in second-price sealed-bid auc-

3 We pay attention to this fact and contrast between the cases

tions without a buy price.
of second-price sealed-bid auctions with and without a buy price. In second-price sealed-bid
auctions without a buy price, we show that the set of equilibrium revenues is a closed inter-
val. To obtain this result, we construct an equilibrium whose expected revenue corresponds
to each element in that interval. A truth-telling strategy equilibrium supports the maximum
of equilibrium revenues. And the minimum of equilibrium revenues is zero.’

Similarly, we characterize the set of equilibrium revenues for each buy price auction. In
the same way as second-price sealed-bid auctions without a buy price, we show that each
set of equilibrium revenues is also a closed interval. A symmetric equilibrium supports the

maximum of equilibrium revenues for each buy price auction. We show that a seller can

'In a buy price auction, bidders can submit a buy price throughout the auction. On the other hand, in a
Buy-It-Now price auction, bidders can submit a Buy-It-Now price only before the auction starts.

2When risk-neutral bidders need to pay a participation cost and sequentially arrive at an auction, there is
a case in which a risk-neutral seller can increase her expected revenue by introducing a Buy-It-Now price. See
Che (2011).

3Milgrom (1981) considers the case in which there are two bidders whose types are continuously distributed.
Maskin and Riley (1985) show that there are many equilibria even in a two-bidder two-type framework.

4In the case of more than two bidders, the set of equilibrium revenues is also a closed interval. See Inami
(2018) for details.

5Tt is well-known that there exists an equilibrium in which a seller’s expected revenue is zero in second-price
sealed-bid auctions without a buy price.



always obtain a positive equilibrium revenue by introducing a buy price properly.

According to our knowledge, a limited number of studies explain the effects of a buy price
or a Buy-It-Now price without considering a seller’s risk attitude and bidders’ risk attitudes.
Mathews (2004) brings a possibility that a seller or bidders discount a future revenue or future
payoffs into the analysis. Mathews (2004) examines second-price sealed-bid auctions with
a Buy-It-Now price and shows that an impatient seller can increase her expected revenue
by introducing a Buy-It-Now price. Shunda (2009) also considers second-price sealed-bid
auctions with a Buy-It-Now price. Shunda (2009) examines the case in which bidders have
reference-dependent preferences and shows that a seller chooses a Buy-It-Now price that a
bidder exercises with positive probability.

There is a bit of research focusing on multiple equilibria. Blume and Heidhues (2004)
consider second-price sealed-bid auctions where there are at least three bidders. They char-
acterize the set of all equilibria and show that a seller can make an equilibrium unique by
properly introducing a reserve price. Plum (1992) characterizes all equilibria in two-bidder
auctions with several payment rules, in which the winner pays a convex combination of the
highest bid and the second-highest bid. Plum (1992) shows that any equilibrium is com-
posed of continuously differentiable and strictly monotone increasing strategies in all but
second-price sealed-bid auctions.

The rest of this paper is organized as follows. Section 2 describes the model. In Section
3, we derive the set of equilibrium revenues for each second-price sealed-bid auction with a
buy price. Section 4 reveals the effects of a buy price on equilibrium revenues. And Section

5 concludes.

2 Preliminaries

2.1 The model

A risk-neutral seller puts one item up for auction. Two risk-neutral bidders participate in the
auction. Each bidder’s type is independently drawn from a uniform distribution. The bidders
evaluate the item, depending only on their type.

The rule of second-price sealed-bid auctions with a buy price requires an explanation. A
seller sets a buy price before an auction starts. Bidders observe the buy price and then submit
a bid. If no one bids the buy price, then the highest bidder wins the auction and pays the
second-highest bid to the seller. If only one bidder bids the buy price, then he certainly wins
the auction but must pay it to the seller. If bidders bid the same amount (it may be the buy

5Tn a common value environment, Bikhchandani and Riley (1991) consider not only a symmetric equilibrium
but also asymmetric equilibria. They compare the seller’s expected revenues in second-price sealed-bid auctions
with those of English auctions. Lizzeri and Persico (2000) examine various kinds of auction formats except for
second-price sealed-bid auctions in an interdependent value environment. They derive necessary assumptions
to obtain a uniqueness result.



price), the winner, who is determined with an equal probability, pays the other bidder’s bid
to the seller.

We formalize second-price sealed-bid auctions with a buy price as follows. A seller sets a
buy price B € [0,+00). Let N = {1, 2} be the set of bidders. For each bidder i, let T; = [0, w]
be the set of types. For each bidder i, let A; = [0,b] U {B} be the set of actions.” The bid b is
the highest possible bid except the buy price B. In Internet auctions, bidders are not allowed
to bid above a buy price B. Then, it is assumed that the bid b is less than the buy price B.%
For each bidder 4, a payoff function is u; : A x T; — R, where A = A; x A; (j # i). For each
bidder ¢, a payoff is determined by

t; —a; ifa; # B and a; > a;
ti— B ifa; = B and a; > a;
ul(a;tz): T . T (A ]

“—5* ifa; =a; and

0 ifai<aj,

given t; € T; and a € A.

For each bidder i, a strategy is o; : T; — A;. We consider pure and non-decreasing
strategies. We adopt Bayesian Nash equilibrium as a solution concept. The strategy profile
o = (0i(-),04(-)) is a Bayesian Nash equilibrium if for all bidder ¢, all ¢; € T;, and all a; € A;,

Elui(a; ti)|oi(-), 05 (), f ()] = Elui(a, aj; ti)lo; (), £ ()],

where f(-) is a common prior belief about the other bidder’s type.

There are many kinds of equilibria in second-price sealed-bid auctions without a buy price
B.? We then restrict attention to a truth-telling strategy equilibrium and equilibria with
properties: there exists one interval of types such that one bidder submits the infimum of
the interval for all types in that interval and the other bidder submits the supremum of the
interval for all types in that interval; both bidders submit their own types for the rest of
types.'® In the analysis, for example, we take account of the following equilibrium. Fix

0 <t <t <w arbitrarily. Then, consider the equilibrium o’ = (07(-), 0(+)) such that

(2

t; if0<t; <t
oi(ti) =< t ift<t;<t
ti 1ff§t,§w

7Of course, we can adopt other set of actions, for example [0, B]. In this case, however, we face non-existence
of an equilibrium under some buy price B.

8Moreover, we consider the case in which the bid b is arbitrarily close to the buy price B.

“Blume and Heidhues (2001) characterize the set of equilibria in the case of two bidders. However, we could
not find their article at: http://www.wiwi.uni-bonn.de/heidhues/Paper/characterization2. PDF, accessed on
May 27, 2021.

"Blume and Heidhues (2004) point out the existence of such equilibria in the case of two bidders.



and

t; if0<t; <t
oi(tj) =< T ift<t;<i
tj iffgtjgw.

In the equilibrium o', there exists the interval (¢,¢) of types, which satisfies the above-

mentioned properties.

2.2 The set of equilibrium revenues in second-price auctions without a buy
price B

Our main purpose is to give a seller a new reason to use a buy price B in Internet auctions.
For this purpose, we need to reveal what kinds of advantages a buy price B has. We con-
trast between the cases of second-price sealed-bid auctions with and without a buy price B.
Specifically speaking, we derive the set of equilibrium revenues for each case and then make
a detailed comparison.

At first we consider second-price sealed-bid auctions without a buy price B. We then have

the following proposition.

Proposition 1. Consider second-price sealed-bid auctions without a buy price B. Then, the

set of equilibrium revenues is [0, §].
Proof. See Appendix.

To obtain the set of equilibrium revenues, we have constructed an equilibrium in practice.
The set of equilibrium revenues is a closed interval. The minimum equilibrium revenue is zero.
And the maximum equilibrium revenue is supported by a truth-telling strategy equilibrium.

As a seller cannot know which equilibrium emerges, she risks the possibility that an

equilibrium revenue is zero in second-price sealed-bid auctions without a buy price B.

3 The set of equilibrium revenues in second-price auctions

with a buy price B

In this section, we consider second-price sealed-bid auctions with a buy price B. Especially,
we focus on second-price sealed-bid auctions with a buy price B € (0,w]. (In Appendix, we
analyze the rest of buy price auctions—a second-price sealed-bid auction with the buy price
B = 0 and second-price sealed-bid auctions with a buy price B € (w, +00), respectively.) We

pick up one strategy profile and then derive the set of equilibrium revenues by modifying it.!!

HEor a second-price sealed-bid auction with the buy price B = 0, the set of equilibrium revenues is {0}. For
second-price sealed-bid auctions with a buy price B € (w, +00), the sets of equilibrium revenues are equivalent
to those of second-price sealed-bid auctions without a buy price B. See Appendix for details.



Once a seller sets a buy price B, a bidder whose type is greater than the buy price B
cannot submit his own type. In second-price sealed-bid auctions with a buy price B, thus,
we pay attention to strategy profiles such that: a bidder whose type is not less than the buy
price B submits the bid b or the buy price B; a bidder whose type is less than the buy price
B submits a bid in a similar way to those of second-price sealed-bid auctions without a buy
price B.2

One of the most basic strategy profiles that would be expected to be an equilibrium is a
strategy profile that both bidders’ all types which are not less than the buy price B submit

it. Surprisingly, the strategy profile is not an equilibrium.

Proposition 2. Consider second-price sealed-bid auctions with a buy price B € (0,w]. Then,
any strategy profile such that both bidders’ all types which are not less than the buy price B

submit it is not a Bayesian Nash equilibrium.
Proof. See Appendix.

To derive the set of equilibrium revenues, by Proposition 2, we need to find other strategy

profile, where bidders’ types which are not less than the buy price B do not always submit it.

3.1 The case of second-price auctions with a buy price B € (0, %]

When we derive the set of equilibrium revenues in second-price sealed-bid auctions with a
buy price B € (0,w], we mainly look at two strategy profiles. For the analysis, we divide

second-price sealed-bid auctions with a buy price B € (0,w] into two cases. One is second-

w

price sealed-bid auctions with a buy price B € (0,%]. The other is second-price sealed-bid

auctions with a buy price B € (%, w].

First we consider second-price sealed-bid auctions with a buy price B € (0, §]. Fix b € [0, ]

arbitrarily. Then, consider the strategy profile of = (af(-), 05()) such that

ifoO<t;<b
ifb<t;<b
if B<t; <t
if f <t; <w

ol(t;) =

N oo SsE o

128pecifically speaking, both bidders submit their types for all types or there exists one interval of types
such that one bidder submits the infimum of the interval for all types in the interval and the other bidder
submits the supremum of the interval for all types in the interval; both bidders submit their types for the rest
of types.



and

b ifOStj<b
ifb<t;<b
ifB<t; <t
B ifth<t; <w.

tpy=d U
Uj(tj)— 3

Here let tE = %}92 and tg. = wffg, respectively. Once we fix the type b € [0,b], then the
corresponding strategy profile of is uniquely determined. When bidders play the strategies
Jf(-) and ag-(-), bidders’ types which are not less than the buy price B but not greater than
the thresholds do not submit the buy price B.

The strategy profile ¢ is an equilibrium, which is shown in Appendix. And the seller

obtains the equilibrium revenue, which is given by
1 3 2 3 2 2
AL +3(t — t4)6% + 2B° — 3(t! + ) B2 + 6w’ B}.

Here let B[R (b)] = gz {—20>+3(t} —t})b? + 283 — 3(t} + %) B2+ 6w B}. The equilibrium
revenue F[R*(-)] is a function of the type b on the domain [0,5]. In a similar way to those of

second-price sealed-bid auctions without a buy price B, we have the following proposition.

Proposition 3. Consider second-price sealed-bid auctions with a buy price B € (0, %] . Then,

the set of equilibrium revenues is

[E[R¥(b)], E[R¥(0)] if B € (0,(vV2—1)w| and
[E[R}(D)), E[R*(0)] if B € ((vV2—1w,¥].

Here let b= vw? — 2wB.
Proof. See Appendix.

The set of equilibrium revenues is a closed interval. In second-price sealed-bid auctions with
a buy price B € (0, (v/2 — 1)w], both tg € [B,w] and tg € [B,w] are well-defined. In second-
price sealed-bid auctions with a buy price B € ((\/5 — Dw, %}, however, there is a case in
which tg- € [B,w] is not well-defined. Thus, we need to modify the domain of the equilibrium
revenue E[R(-)].

3.2 The case of second-price auctions with a buy price B ¢ (¥, w]

Now, we consider second-price sealed-bid auctions with a buy price B € (%,

auctions, the strategy profile ¢ is not an equilibrium. Instead, we pay attention to other

w]. In these

strategy profile. Fix b € [0, b] arbitrarily. Then, consider the strategy profile of = (O‘q(') Uu-('))

7



such that

0 if0<t; <b
o;(ti) =% t; ifb<t;<b
b f B<t;<w

and

b if0<t; <b
olt;)=1Q t; ifb<t;<b
b if B<t;<w.

Once we fix the type b € [0,b], then the corresponding strategy profile o is uniquely deter-
b

mined. When bidders play the strategies o,(-) and O'E('), bidders’ types which are not less
than the buy price B do not submit it at all.
The strategy profile 0% is an equilibrium. And the seller obtains the equilibrium revenue,

which is given by

1
@(—b‘”’ + B® - 3wB” + 3w°B).
Here let E[RY(b)] := 30%2(—1)3 + B3 —3wB? 4+ 3w?B). As well as the case of the equilibrium

of, the equilibrium revenue E[R(-)] is a function of the type b on the domain [0,b]. We then

have the following proposition.

Proposition 4. Consider second-price sealed-bid auctions with a buy price B € (%,w].

Then, the set of equilibrium revenues is [E[Ru(g)],E[RU(O)]] if B e (Y,w]. Here let b=
V—w? + 2wB.

Proof. See Appendix.

The set of equilibrium revenues is a closed interval. In second-price sealed-bid auctions with
a buy price B € (%,w], we need to restrict the domain of the equilibrium revenue £ [RA(4)],

which guarantees the existence of an equilibrium.

4 The effects of a buy price B on equilibrium revenues

We have derived for each buy price auction the corresponding set of equilibrium revenues. In
this section, we show that introducing a buy price gives a seller a distinct advantage. For this
purpose, we focus on the minimum of equilibrium revenues.

At first, we focus on the maximum of equilibrium revenues of each second-price sealed-bid
B

max

auction with a buy price B. Here let ER;,,.(B) be a function of the maximum equilibrium

revenues in second-price sealed-bid auctions with a buy price B. By Propositions 3 and 4 and



the results in Appendix, we have

E[R(0)] f0<B<Y
ERE, (B)=1{ E[RY0)] if%<B<uw
g if w < B.

ERE, () is continuous at the buy price B = % because E[R*(0)] = ;—j = E[R%0)].

To illustrate, we provide an example.

Example 1. Suppose that bidders’ types are distributed on the interval [0,1]. Then, the

maximum of equilibrium revenues is given by

—B*—2B3-3B243B 1
05 22 if0< B <5
ERflax(B) = B°-35°43B 73? +38 lf% < B<1
% ifl1< B
ERr?lax(')
1 B

Figure 1: The maximum of equilibrium revenues ERZ, (B)

In Figure 1, ERE, (-) is not monotone increasing with respect to a buy price B € [0, 3].
On the other hand, ERE, () is monotone increasing with respect to a buy price B € (%,w].
Moreover, a seller cannot obtain a higher equilibrium revenue at an equilibrium where bidders
submit a buy price B than at a truth-telling strategy equilibrium in second-price sealed-bid
auctions without a buy price B.

Next, we focus on the minimum of equilibrium revenues of each second-price sealed-bid
auction with a buy price B. Here let ERB, (B) be a function of the minimum equilibrium

revenues in second-price sealed-bid auctions with a buy price B. By Propositions 3 and 4 and



the results in Appendix, we have

E[RYD)] f0<B< (V21w
E[R}D)] if (V2—-1lw<B<Y
E[Ri(b)] if4$<B<w

0 if w< B.

ERyin(B) =

Note that b = vw? — 20B and b = vV—w? + 2wB, respectively. ERflin(-) is continuous at the
buy price B = (v/2 — 1)w because b = (v/2 — 1)w = b. And ERB, (-) is continuous at the buy
price B = % because E[RF(0)] = % = E[R%(0)].

Now we are ready to show the main theorem.

Theorem 1. Consider second-price sealed-bid auctions with a buy price B € [0,+00). Then,

a seller can always obtain a positive equilibrium revenue by introducing a buy price B properly.
Proof. See Appendix.

In the case that a seller sets the buy price B = 0, she obtains zero equilibrium revenue. If the
seller sets a buy price B that is greater than the highest possible type w, no bidder intends
to submit the buy price B at any equilibrium. Thus, a rational seller does not set such buy
prices B.

We give an illustrative example.

Example 2. Suppose that bidders’ types are distributed on the interval [0,1]. Then, the

minimum of equilibrium revenues is given by

~B'-B- BB if0<B<V2-1
_ 2B)4— —2B)3(1-B)-B*-2B3-3B?
min —(vV=1+2B) ;—B —3B2+3B if% <B<1
0 if 1 <B.

1

In Figure 2, ERB. (-) is not monotone increasing with respect to a buy price B € [0, 3]
On the other hand, ERZ, () is monotone decreasing with respect to a buy price B € (3, w].

min

In Figure 2, ERB. () is absolutely positive for any buy price B € (0, 1).

min

5 Conclusion

We have investigated how the introduction of a buy price affects a seller’s equilibrium revenues.
In the analysis, we have looked at not only a truth-telling strategy equilibrium but also
elaborate pure strategy equilibria. For each buy price auction, we have characterized the set
of equilibrium revenues. We have shown that a seller can always obtain a positive equilibrium

revenue by setting a buy price properly. On the other hand, the minimum of equilibrium

10



ERG;, ()

min

O \/i—l% 1 B

Figure 2: The minimum of equilibrium revenues ERZ. (B)

revenues is zero in second-price sealed-bid auctions without a buy price. By introducing a
buy price, thus, a seller can avoid a risk that she may obtain zero equilibrium revenue. Our

results provide a seller a new reason to use a buy price in Internet auctions.

Appendix

Proof of Proposition 1
We organize the proof in two steps.

Step 1. We show that each element in the interval [0, %] is an equilibrium revenue.

Fix b € [0,w] arbitrarily. Then, consider the strategy profile o = (O'T(‘), a;r()) such that

(2

t 0 ifo<t<db
o (t:) = .
t; 1fb<ti§w
and
b if0<t; <b
ol(ty) = . ’
L‘j 1fb<tj§w.

We show that the strategy profile o is an equilibrium.'® Consider incentive constraints of

13In Blume and Heidhues (2001), it is shown that a strategy profile like the strategy profile o' is an equilib-
rium.

11



bidder ¢. For all ¢; € [0,b], he obtains at most zero expected payoff by submitting other bids,
for example the bid b. For all ¢; € (b,w], he only reduces his expected payoff if he submits a
bid that is greater or less than his type t;. Next, consider incentive constraints of bidder j.
For all ¢; € [0,b], he only reduces his expected payoff if he submits a bid that is greater or
less than the bid b. For all ¢t; € (b,w], he cannot improve his expected payoff by submitting
a bid that is greater or less than his type ¢;. Thus, the strategy profile ol is an equilibrium.

At the equilibrium of, the seller receives the equilibrium revenue

/,,w ( /; b <tj>dtj>f (ti)dti + /0 b ( /b ) bf(ti)dti>f(tj)dtj + /b ’ ( /t ’ tjf@i)dti) £(t)dt;

J
w3 — b3
3w?

By the way of construction of the strategy profile of, each element in the interval [0, %] is

an equilibrium revenue.
Step 2. We show that the equilibrium revenue % is the maximum equilibrium revenue.

We consider whether there exists an equilibrium that yields a greater equilibrium revenue
than that of a truth-telling strategy equilibrium.

At any equilibrium, there are at most one interval (¢,?) of types in which one bidder’s all
types in the interval (¢,¢) submit the bid ¢, and the other bidder’s all types in the interval
(t,t) submit the bid ¢. Fix 0 < t <t < w arbitrarily. Then, consider the strategy profile
o' = (ol(:),0%(:)) such that

(2

t; if0<t; <t

oit) =< t ift<ti<t
ti 1ff§tl§w
and
t; if0<t; <t
oi(t;) =9 T ift<t; <t

tj iffftjgw.

Consider incentive constraints of bidder i. For all ¢; € [0,¢], he reduces his expected
payoff by submitting a bid that is greater or less than his type t;. For all ¢; € (¢,7), he
obtains at most the same expected payoff even by submitting other bids. For all ¢; € [¢,w], he
reduces his expected payoff by submitting a bid that is greater or less than his type ¢;. Next,
consider incentive constraints of bidder j. For all ¢; € [0,t], he reduces his expected payoff
by submitting a bid that is greater or less than his type ¢;. For all ¢; € (,%), he obtains at
most the same expected payoff by submitting other bids. For all ¢; € [t,w], he reduces his

12



expected payoff by submitting a bid that is greater or less than his type t;. From the above
argument, the strategy profile ¢’ is an equilibrium.

Here let E[R*] and E[R'] be the equilibrium revenue of a truth-telling strategy equlibrium
and that of the equilibrium o”, respectively. We can find clear differences in a seller’s expected
revenue for three cases: (i) Both bidders’ types are in the interval (¢,¢). (ii) Bidder i’s type
is in the interval (¢, %) and bidder j’s type is not less than the type ¢. (iii) Bidder i’s type is
not less than the type ¢ and bidder j’s type is in the interval (¢,7). Note that a winner of the

cases (ii) and (iii) does not change, respectively. Then, we have

B[R] - B[R :/:(/;tjf(ti)dti)f(tj)dtj+/:(/:tif(tj)dtj)f(ti)dti

J

_ /tt< /twtf(ti)dti>f(tj)dtj_ /tt< /t“tf(tj)dtj> Ft)dt;

(t—1)?*
= > ().
3w?2 T 0

Thus, E[R*] is greater than or equal to E[R’]. In other words, % is the maximum equilibrium

revenue in second-price sealed-bid auctions without a buy price B.

A second-price auction with the buy price B =0

We consider a second-price sealed-bid auction with the buy price B = 0. In this auction, a
strategy profile in which both bidders’ all types submit the buy price B is a unique equilibrium.

Thus, the set of equilibrium revenues is {0}.

Second-price auctions with a buy price B € (w, +00)

We consider second-price sealed-bid auctions with a buy price B € (w,+0o0). Since the buy
price B is greater than the highest possible type w, no one bids the buy price B at any
equilibrium. Thus, the sets of equilibrium revenues are the same as those of second-price

sealed-bid auctions without a buy price B.

Proof of Proposition 2

Suppose that both bidders’ all types which are not less than the buy price B submit it. To
be an equilibrium, one of the bidders whose type is less than the type b must submit a bid
that is not greater than own type. Without loss of generality, let bidder i whose type is less
than the type b submit a bid that is not greater than own type.

Consider incentive constraints of bidder i. We wonder whether for all ¢; € [B,w],

b w b
[ =Bt 5 [ - s = -, (1)

13



holds. The RHS of (1) is the most profitable deviation among all strategy profiles such that
both bidders’ all types which are not less than the buy price B submit it. Calculating (1),

we have
1

2w

(w— B)t; + B? —wB—2EB+52} > 0.
Since it is assumed that the bid b is arbitrarily close to the buy price B, we can evaluate b at
B. Substituting B for b, we have
1
%{(w — B)t; —wB} > 0.
Here let
o(t;) = (w — B)t; —wB.

For t; € [B,w], the function ¢(+) is increasing with respect to ¢;. To be an equilibrium, thus,

it is sufficient to show that (1) holds for t; = B. However, we have
_32 2 Oa

which does not hold.
From the above argument, any strategy profiles such that both bidders’ all types which

are not less than the buy price B submit it is not an equilibrium.

Proof of Proposition 3

We organize the proof in three steps.
Step 1. We show that a certain strategy profile is an equilibrium.

Fix 0 < t < % < b arbitrarily. Then, consider the following strategy profile ¢° =
(07(:),05(-)) such that

t, if0<t <t
t ift<t; <t
oP(ti) =4 t;, iff<t; <b
b ifB<t; <ty
B ift! <t;<w

14



and

t; if0<t;<t
toift<ty<t
of (t;) = t if7<t;<b
b if B<t; <t}
1S
if £ <t; <w.

()2 22
Here let ¢7 := % and t]S = %, respectively.

We show that the strategy profile o° is an equilibrium. Consider incentive constraints of
bidder i. For all ¢; € [0, 1], he reduces his expected payoff by submitting a bid that is greater
or less than his type t;. For all ¢; € (¢,¢), he obtains at most the same expected payoff even

by submitting other bids. For all ¢; € [¢,b], he reduces his expected payoff by submitting a
bid that is greater or less than his type ¢;. For all ¢; € [B, tf],

/Ot(ti —t;) f(t;)dt; + /tt(ti —1)f(t;)dt; + /tb(ti —t;) f(t;)dt; + ;/Btf(tz —b)f(t;)dt;
& 1 [ ®
2/0 (ti — B) f(t;)dt; + Q/tf (ti — B)f(t;)dt;
must hold. For all t; € (£, w],
[ g+ | [, 0 mste
> [ tsaps+ [+ [w- el [ B,
Q

must hold. Thus, the systems of inequalities (2) and (3) are satisfied if and only if

t 3

¢ 7 b : -
/O(tf—tj)f(tj)dtfr/t (tf—t)f(tj)dtfr/t (tf—tj)f(tj)dthr;/B (t7 — D) f(t;)dt;

i w
= A (tf? — B)f(tj)dtj + ;/ (tf - B)f(tj)dtj

S
t;

(4)

holds.
Next, consider incentive constraints of bidder j. For all ¢; € [0, ], he reduces his expected
payoff by submitting a bid that is greater or less than his type t;. For all t; € (¢,t), he obtains

at most the same expected payoff by submitting other bids. For all ¢; € [¢,b], he reduces his

15



expected payoff by submitting a bid that is greater or less than his type t;. For all ¢; € [B, tf ],

t

t t b 1t _
tA%—hﬁ@Mﬁﬁl%—ﬂﬂmm+le—mﬂm%+/ (t; — B)f(t:)dts

t )
t‘f 1 w
> [ =B g [ @B
must hold. For all ¢; € (tf,w],
tf 1 w
/(; (tj — B)f(tz)dtz + B /tf (tj - B)f(tz)dtZ
t t b 1 [t B
> [ =tasan+ [ —orwan+ [ -tred+g [ =ne,
(6)
must hold. Thus, the systems of inequalities (5) and (6) are satisfied if and only if
t t b 7 B
/ (t5 — t:) f (t:)dt; +/ (7 — 1) f(t:)dt; +/ (5 — t:) f(t:)dt; + ;/ (t5 = D) f(t;)dt;
0 t 7 B )
_[Ts Nt 2 [T \dts
[ @ =B g [ - mswa

holds. Calculating (4) and (7), respectively, we have

tS_WB—(f—E)z
P w—B

and

tS_wBJr(f—z)?
7 w—B )

Thus, the strategy profile o is an equilibrium.
Step 2. We show that it is enough to consider the equilibrium of.

The strategy profile ¢° is an equilibrium. And the seller obtains the equilibrium revenue,

16



which is given by

ts tS tS

/(:(/tij tif(tj)dtj> Ft)dt; + /;(/t ’ tf(tj)dtj) Ft)dt; + /f(/tij
/ti tjf(ti)dtl-> F(t))dt;

+/Btf< jbf(tj)dtj>f(ti)dti+/ow </t;Bf(tj)dtj>f(ti)dti+/ot< tj
+/tt</tt?tf(ti)dti>f(tj)dtj—I—/tb(/t“s tjf(ti)dti>f(tj)dtj—|—/otf <A:Bf(ti)dti>f(tj)dtj

J

tz’f<tj)dtj> f(ti)dt;

1 o N
= {2’ + 3(t7 — t)2 — 6(t7 — ) — 61°F + 6t + 3(t7 — t5)E — 28

+ 305 — 6bt5 B + 6bt5 S + 35°t5 — 6btS B — 6t517 B — 4b° + 6bB> + 6w’ B},

- - ) 2

Hei let ELRS(;, t)]:: 6%{?25’ + 3(?9 — t9)t% — 6(t igtf)ti_ 617 + 6Lt + 3(t7 — t5)F —
27" +3b 5 — 6bt7 B+ 6bt5tS +3b t5 —6btT B — 6t5t5 B —4b” +6bB? + 6w> B }. The equilibrium
revenue E[R(-,-)] is a function of the types ¢ and # on the domain [0,b] x [0,b]. Evaluating
b at B, we have

1 e P
@{2;3+3(t§—tf)f—6(tf—tf);t—ﬁft%;f+3(t§—tf)t2—2t3+2B3—3(t§?+t§)32+6w23}.

Partially differentiating E[RS(-,-)] with respect to 7, we have

OB[R%(t,1)]

AL

— (9B + )+ 200 + (1) — 2008 — 241(19 ), — 28 + 4tF).

S (45 2048 2 715 _ 72048 S 2
20t7 + 2tE(t7 )7 — t°(t7 )7 — 2t° — 287 — ¢ (t7); — (t7);B

(8)

Here let (¢ )7 and (t}9 )7 be a partial derivative of t? with respect to £ and a partial derivative

of tf with respect to ¢, respectively. Substituting

! Q(t - D
(=21
and
/ 2(t - 2
=5 F
into (8), we have
S(+ F 2
8E[Rat(t, t)] o wg(iw _t)B) {4(t _ t) + (OJ _ B)} <0

17



Similarly, partially differentiating E[R®(-,-)] with respect to ¢, we have

SE[RS(L,B)] 1
ot w2
— (9B + 2tt] + (), + (), — 207 — 241(19)} + 28°).

- 7 7 )
(2685 + 2t8(5), — 2tt5 — (), — Atk + 262 — T ()] — (¢7), B o)

Here let ()] and (tf ); be a partial derivative of ¢ with respect to ¢ and a partial derivative

of tf with respect to t, respectively.

Substituting

2(t—1t)

Y = =

( 7 )L w—B

and

2(t—1t)
Sy L
(tj )2 T w-B

into (9), we have

S(t,t 712
aE[Rat(t,t)] _ wz(iw _t)B){4(tt) B} >0,

From the above argument, E[R®(,-)] is minimized at (¢,Z) = (0,b) and maximized at
(t,t) = (t,t) for all t € [0,b]. These facts imply that it is enough to consider the equilibrium

ot
Step 3. We derive the domain of the equilibrium revenue E[R*(b)].

We can rewrite both thresholds tf and tf for the equilibrium ¢! as follows.

and
tﬁ L wB + b2

We need to check that both thresholds tg and tg- are well-defined for each b € [0,b]. First
we consider the threshold tg. If b = b, we have

wB—52

f_
b= w—B

18



Evaluating b at B, we have
= B.

As the threshold tf is decreasing with respect to the type b, the threshold tg is always greater
than or equal to the buy price B for each b € [0,b]. If b = 0, on the other hand, we have

wB

(e 3

which is less than the type w. Thus, the threshold t? is always less than the type w for each
b € [0,b].
Now, we consider the threshold tg.. To be less than or equal to the type w,

B+ bv?
tgzugw@bgvuﬁ—%uB

w—B

must hold. Note that b > 0. Moreover, we need to check that b < v/w? — 2wB. Raising both

sides to the second power, we have
b” <w® —2wB.

Evaluating b at B, we have

B<(V2-1)w.

Thus, we can choose the b € [0,b] arbitrarily if B < (v/2 — 1)w. And we can only choose the
type b from the interval [0, vVw? —2wB] if B > (V2 — 1)w.

Proof of Proposition 4
We organize the proof in two steps.
Step 1. We show that a certain strategy profile is an equilibrium.

Fix 0 <t <t < b arbitrarily. Then, consider the strategy profile o = (¢ (-), 0N (-)) such

t, if0<t; <t
t ift<t;<t
UZN(ti): S ! _
t; ift<t; <b
b fB<t;<w
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and

t; f0<t; <t

toift<t;<t
N 4

t; ifT<t;<b

b if B<t; <w.

We show that the strategy profile oV is an equilibrium. Consider incentive constraints of
bidder i. For all ¢; € [0, 1], he reduces his expected payoff by submitting a bid that is greater
or less than his type t;. For all ¢; € (£,t), he reduces his expected payoff by submitting a bid
that is greater than the bid #. For all ¢; € [£,b], he reduces his expected payoff by submitting
a bid that is greater or less than his type ¢;.

For all ¢; € [B, w], we need to consider what the most profitable deviation is. Here let

t

Yi(ts) = /Ow(tz‘ — B) f(t;)dt; — lim{/o(ti —tj)f(t;)dt; + /tt(ti — ) f(t;)dt; + /tba(tz‘ - tj)f(tj)dtj}

e—0
1 B?  (t—1)?
=— — B)t; —wB + — —— .
w{(w )ti —wB + 5 + 5 }

(10)

The first term in the first line of (10) is the expected payoff obtained by submitting the buy
price B. The second term in the first line of (10) is the expected payoff obtained by submitting
a bid which is less than the bid b. Note that we evaluate b at B. For t; € [B,w], the function
~i(+) is increasing with respect to ;.

Next, consider incentive constraints of bidder j. For all ¢; € [0, ¢], he reduces his expected
payoff by submitting a bid that is greater or less than his type ¢;. For all ¢; € (¢,%), he
reduces his expected payoff by submitting a bid that is less than the bid ¢. For all ¢; € [¢, b],
he reduces his expected payoff by submitting a bid that is greater or less than his type ¢;.

For all t; € [B,w], we need to consider what the most profitable deviation is.

t

it = [0 =B - md [ - oaa+ [ 4y Dt + / ", - )t

e—0
1 B?  (t—1)?
—w{(w—B)tj—wB—i—Q— 5 }

(11)

The first term in the first line of (11) is the expected payoff obtained by submitting the buy
price B. The second term in the first line of (11) is the expected payoff obtained by submitting
a bid which is less than the bid b. Note that we evaluate b at B. For t; € [B,w], the function
7v;(+) is increasing with respect to ¢;. And v;(B) < 0.
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We need to consider the following four cases.
Case 1: ~;(w) < 0 and v;(w) < 0.

Calculating v;(w) < 0 and vj(w) < 0, we have

2w — 1/2w? — (- t)2 < B.

For all ¢; € [B,w],

t w

B
t

¢ P 5
Z/O(ti—tj)f(tj)dtfr/t(ti—t)f(tj)dtfr/t (ti —t;) f(t;)dt;

and for all ¢; € [B,w],

t

B
t

¢ P 5
> /O (t; — ) f(t:)dt; + / (t; — D) f (t)dt; + / (t; — ) (t:)dt;

' 7 b
/O(ti—tj)f(tj)dtfr/t (tz—t)f(tj)dtﬁr/t (ti—tj)f(tj)dtfr;/ (t;i —

t t b 1 (@
[t =tosoi+ [0 =i+ [ -wrwg [ -

b) f(t;)dt;
(12)

b) f(ti)dt;
(13)

must hold. Clearly, both the systems of inequalities (12) and (13) hold. Thus, the strategy

profile ¢V is an equilibrium in second-price sealed-bid auctions with a buy price B € [2w —

V2w? — (t—1t)?,w].
Case 2: vi(w) > 0 and vj(w) < 0.

Calculating v;(w) > 0 and v;(w) < 0, we have

2w—1/2w? 4+ (t —1)2 < B < 2w —1/2w? — (t — t)2.

For all ¢; € [B,tf-v]a

t

& T b
[+ [e-nrei+ [w -t [

B

w

t

¢ i 5
> /0 (b — ) (1)t + / (b — B f(t))dt; + / (ti — 1) (1)t

21
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b) f(t;)dt;
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and for all t; € (t¥

) ,W],

t

t t b w B
[ =tsepa + [+ [ 6 -+ 5 [ e =D
> [ = Bysea

and for all ¢; € [B,w],

t

t t b
[ =+ [ & —orwan+ [ -rsapin -3 [

w

(t; — ) f(t:)dt;
t ’ (16)

¢ P 5
> /0 (t — t2)f(t:)dts + / (t; — D) f (t)dt: + / (t; — ) (t:)dt;

must hold. Here let t)¥ := {2wB — B% — (f — t)?}/2(w — B). Clearly, both the systems
of inequalities (14) and (16) hold. Thus, it is sufficient to consider whether the system of
inequalities (15) holds or not.

Calculating (15), we have

1 o N
2—{—(w+B—2b)ti—(t—§)2—b2—bw+bB+2wB} > 0.
w

Evaluating b at B, we have

i{—(w ~ B)t; — (I —t)> + wB} > 0.

Here let
1i(t;) = —(w— B)t; — (t —t)* + wB.
For t; € (tN,w], 1;(+) is decreasing with respect to t;. Thus, it is sufficient to show that (15)
holds for t; = w. That is, -
p> =7+
- 2w

Here we consider whether tfv is well-defined.

tN_B_QwB—BQ—(f—z)Q_
‘ B 2(w— B)
2 7 2
_B o,
2w—B) ~

B

Thus, t?] > B. Next, we consider whether

2wB — B? — (t —t)?
N: — < . 1
fi 2(w — B) = (17)
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Calculating (17), we have
B < 2w —/2w? — (t —t)2.

Thus, tfv < w.
To summarize, the strategy profile ¥ is an equilibrium in second-price sealed-bid auctions

with a buy price B € [2w—+/2w? + (t — t)?, 2w—+/2w? — (t — t)?] when 2w—+/2w? + (t — t)? >

T N2, .2
%. And the strategy profile o is an equilibrium in second-price sealed-bid auctions

with a buy price B € [W, 2w—/2w? — ( — t)2] when 2w—+/2w? + (t — 1)2 < W
Case 3: vi(w) < 0 and yj(w) > 0.
There is no buy price B such that v;(w) < 0 and vj(w) > 0 hold simultaneously.
Case 4: vi(w) > 0 and vj(w) > 0.
Calculating v;(w) > 0 and vj(w) > 0, we have
B <2w—/2w? + (t —t)2.

For all ¢; € [B,tfv],

t w _

¢ i b )
/O(titj)f(fj)dfj+/t (tit)f(tj)dtj+/t (titj)f(tj)dtj+2/3 (ti — b) f(t;)dt;

) , (18)
t T ~ b
> /0 (ti—tj)f(tj)dtﬁr/t (ti—t)f(tj)dtﬁr/t (ti — t;) f(t)dt;
and for all ¢; € (t),w],
t t B b 1 (@ B
/O(tz’ —wtj)f(tj)dtfr/t (tz—t)f(tj)dtﬂr/t (ti—tj)f(tj)dthrQ/B (t; — b) f(t;)dt; 1)
> [ = Bysea
and for all ¢; € [B, t;V],
‘[@—MNM%+K%rﬁNM%+K%r%VWWHéA;%JW&Wi@m

t

¢ P 5
?A%—Mﬂm%+1@rﬂﬂm%+l@rﬁﬁﬁwi
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and for all t; € (tﬁv,w],

t 7 b w w
/0 (tj—ti)f(ti)dti+/t (tj_t)f(ti)dti“l‘/t (tj—ti)f(ti)dti—i—;/B (t;=b)f(t:)dt; > /0 (tj—B)f(t;)dt;
(21)
must hold. Clearly, both the systems of inequalities (18) and (20) hold. Thus, it is sufficient
to consider whether the systems of inequalities (19) and (21) hold or not.
Calculating (21), we have

1 _ _ _ _ _
oW+ B=2)t;+ (- 1)” = — b+ BB + 2B} > 0.

Evaluating b at B, we have

1

n 2
o —(w—B)t;+ (t—1t)* +wB} > 0.

Here let
vi(ts) := —(w — B)tj + (- )* + wB.

For t; € [B,w], ¢;() is decreasing with respect to t;. Thus, it is sufficient to show that (21)

holds for ¢; = w. That is,
_(F_ 52 2
g U8 +w
- 2w

To summarize, the strategy profile oV is an equilibrium in second-price sealed-bid auctions
with a buy price B € [W, 2w—+/2w? + (f — )?] when 2w—+/2w? + (f — 1) > %
And the strategy profile oV is not an equilibrium when 2w — \/2w? + (I — t)2 < W

From the above argument, the strategy profile oV is an equilibrium in second-price sealed-

7 N2 2
bid auctions with a buy price B € [%, w].

Step 2. We show that it is enough to consider the equilibrium o?.

The strategy profile ¥ is an equilibrium. And the seller receives the equilibrium revenue,

which is given by

/;(/: tif(tj)dtj>f(ti)dti + /:(/tw tf(tj)dtj)f(ti)dti + /f(/: tz‘f(tj)dtj>f(ti>dti
+/;(/:tjf(ti)dti)f(tj)dtj+/tt</twtf(ti)dti>f(tj)dtj+/f(/:tjf(ti)dti)f(tj)dtj
+/; </wa(ti)dti>f(tj)dtj

B
1 -3 —2 - - - _
:@{—21) +3b"w + 3bw” — 6wbB + 3bB* — (t — t)*}.
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Here let E[RN (t,7)] := 55 {— 20° + 3b°w + 3bw? — 6wbB + 3bB% — (t—t)*}. The equilibrium
revenue E[RN(-,-)] is a functlon of the types t and f on the domain [0, ] x [0,b]. Evaluating
b at B, we have

1 2 2 3_(F_4)3

Clearly, E[RN(-,-)] is decreasing with respect to f, and increasing with respect to ¢. Thus,
E[RN(-,-)] is minimized at (¢,7) = (0,b) and maximized at (t,7) = (t,t) for all t € [0,b).

These facts imply that it is enough to consider the equilibrium o?.

Proof of Theorem 1

By Propositions 3 and 4, the minimum of equilibrium revenues of second-price sealed-bid

auctions with a buy price B € [0,w] is

E[R'D)] if0<B<(vV2- 1w
E[RD)]) if (V2-1lw<B<%
E[RY(D)] if% < B<w.

At first, E[R*(b)] < E[R!(b)] for any buy price B € (0, ¢]. Thus, we consider E[R*(b)]

instead of E[R!(b)] for a buy price B € ((v2 — 1)w, ¢]. Calculating E[R*(b)], we have

B

(w® —w?B —wB? — B®).
Note that we evaluate b at B. ( 5 is positive for any buy price B € (0, ¢]. Differentiating
w3 — w?B — wB? — B3 with respect to B, we have

w2 2
—3(B+=) —Zw?<o.
<+3> 3w<

Thus, w? — w?B — wB? — B3 is minimized at B = 5. In this case, we have

w3

w3—w23—w32—33:§>0.

To summarize, E[R*(b)] is positive for any buy price B € (0,%]. When B = (v2 — 1)w, in
addition, b = (v/2 — 1)w = b. Thus, E[R*(b)] = E[R"(b)] at the buy price B = (v/2 — 1)w.

On the other hand,

E[R'()] > ~(—B + wB).

S

Note that we evaluate b at B. Differentiating —B? + wB with respect to B, we have

—2B+w <0.
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Thus, 2(—B? +wB) is minimized at B = w. In this case, we have

1

(-B? +wB) = 0.
w

To surflmarize, E[RY(b)] is positive for any buy pri~ce B € (%,w). Note that E[R!(b)] = =
E[R%(b)] at the buy price B = % because b =0 = b.
From the above argument, a seller always obtains a positive equilibrium revenue by intro-

ducing a buy price appropriately.

The effects of a reserve price on equilibrium revenues

We reconsider second-price sealed-bid auctions without a buy price B. In these auctions,
introducing a reserve price is the most straightforward way for a seller to guarantee a positive
equilibrium revenue. We then consider the effects of a reserve price on equilibrium revenues.

Suppose that a seller sets a reserve price r € [0,w] arbitrarily. Fix b € [r,w] arbitrarily.

Then, the strategy profile o” such that

[an)}

ifo<eg <r
ifr<t;<b
ti 1fb§t1§w

Q
B
—~
Sy
S~—
I
<

and
0 if0<t;<r
otj) =4 b ifr<t;<b
t; ifb<t;<w.

The strategy profile o” is an equilibrium. And the seller obtains the equilibrium revenue,

which is given by

1
302 ( 34 3r%w — 33 — b® 4 3b%r — 3br2).
w
Here let E[R"(b)] == 3% (w3 +3r2w—3r3 — b3+ 3b%r — 3br?). The equilibrium revenue E[R"(-)]

is a function of the type b on the domain [r,w].

We then have a similar result to that of Proposition 1.

Proposition 5. Consider second-price sealed-bid auctions with a reserve price r € [0,w].
Then, the set of equilibrium revenues is [E[R"(w)], E[R"(r)]].
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Proof. Fix r <t <t < w arbitrarily. Then, consider the following strategy profile.

0 ifo<t;<r

t; fr<t; <t
of (ti) =9 | . R

t ift<t; <t

ti 1ff§tlgw

and

0 if0<t; <r
UF(t'): tj if?’<tj S%
7 toift<t;<t

tj iffgtjﬁw.

We show that the strategy profile o is an equilibrium. Consider incentive constraints of
bidder i. For all ¢; € [0,r], he reduces his expected payoff by submitting a bid that is greater
than the reserve price r. For all ¢; € (r,t], he reduces his expected payoff by submitting a
bid that is greater or less than his type t;. For all ¢; € (¢,t), he reduces his expected payoff
by submitting other bids, for example, the bid ¢. For all ¢; € [t,w], he reduces his expected
payoff by submitting a bid that is greater or less than his type t;.

Similarly, consider incentive constraints of bidder j. For all ¢; € [0,7], he reduces his
expected payoff by submitting a bid that is greater than the reserve price r. For all t; € (r, ],
he reduces his expected payoff by submitting a bid that is greater or less than his type ¢;.
For all ¢; € (t,t), he reduces his expected payoff by submitting other bids, for example, the
bid ¢t. For all ¢; € [t,w], he reduces his expected payoff by submitting a bid that is greater or
less than his type t;.

The strategy profile o" is an equilibrium. And the seller obtains the equilibrium revenue,

which is given by

/;(/Twrf(tj)dtj)f(ti)dti+/Tt(/tiwtz‘f(tj)dtj)f(ti)dti+/:(/twtf(tj)dtj>f(ti)dti
*/;u (/tw tif(tj)dtj)f(fi)dtﬁ/or </w Tf(ti)dti>f(tj)dtj +/t</: tjf(ti)dti> F(t;)dt;
+/tt</twtf(ti)dti>f(tj)dtj +/tw (/tw tjf(ti)dti>f(tj)dtj

J
1 _
:ﬁ{w?’ + 32w — 4r® — (t — ;)3}.
Here let E[R"(t,t)] = 3%2{(*;3 +3r2w—4r3 —(t—1)3}. Clearly, E[R"(-,-)] is decreasing with

respect to t and increasing with respect to t. Thus, E[R"(-,-)] is minimized at (¢,) = (r,w)
and maximized at (¢,¢) = (¢,t) for all t € [r,w]. Q.E.D.
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If a seller sets a reserve price r, then the equilibrium revenue is restricted. In a result, she
can obtain a positive equilibrium revenue. And the seller acquires the maximum equilibrium
revenue at a symmetric strategy equilibrium.

As well as the case of second-price sealed-bid auctions with a buy price B, we focus on the
maximum of equilibrium revenues of each second-price sealed-bid auction with a reserve price
r. Here let ER] ..

sealed-bid auctions with a reserve price r. Then, we have

(r) be a function of the maximum equilibrium revenues in second-price

1
(r) = —(—4r® + 3wr’ + w?) f0<r<w.

E T
r 3w?

max

To illustrate, we provide an example.

Example 3. Suppose that bidders’ types are distributed on the interval [0,1]. Then, the

maximum of equilibrium revenues is given by

ER;

max

4 1
() ==+l 43 H0<r<w.

ERTmax(')

Figure 3: The maximum of equilibrium revenues ER}, . (7)

In Figure 3, ER] .. (+) is monotone increasing with respect to a reserve price r € [0, %] On

the other hand, ER] .. (-) is monotone decreasing with respect to a reserve price r € (%,w].

Next, we focus on the minimum of equilibrium revenues of each second-price sealed-bid

T

auction with a reserve price . Here let ER] ; () be a function of the minimum equilibrium

revenues in second-price sealed-bid auctions with a reserve price r. Then, we have
T 1 3 2 :
ER ;,(r) = —(—r"+wr) if0<r<w.

min w2
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We give an illustrative example.

Example 4. Suppose that bidders’ types are distributed on the interval [0,1]. Then, the
minimum of equilibrium revenues is given by
ER" (1) =—r3+7r if0<r<w.

min

ERLi ()

w
—_

Figure 4: The minimum of equilibrium revenues ER’ . (r)

min

In Figure 4, ERB (+) is monotone increasing with respect to a reserve price r € [0, L] On

min V3
the other hand, FRZ, (-) is monotone decreasing with respect to a reserve price r €

min

,w.

al-

In Figure 4, ERB. (-) is absolutely positive for any reserve price r € (0,1).

min
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