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1 Multiple linear regression

1.1 Matrix expression of the multiple linear regression

The multiple linear regression model assumes that the statistical relationship between the response variable
Y; (i =1,2,---,n) and the explanatory variables z;; ({1 =1,2,--- ,n, j=1,2,--- k) is of the form

Y = Bo+ Bz + Bozio + -+ Brxik + €
e ~ N(0,07)

where 5; (j = 0,1,2,--- ,k) are the regression parameters and ¢; denote the independent normal random

variables with zero mean and common variance o2.

The matrix representation for this regression model is denoted by

Y =X3+¢
where
Y; 1 o211 212 - 1k
Y, 1 mo1 @a2 -+ Ty
Y = , X=
Y, 1 zp1 xp2 o Tk
Bo €1
B1 €
B=1 . , e=| .
Bk €n

The matrix X is the n x (k + 1) matrix and called the design matriz.

The fitted values f/; = Bg + Brxi + ngig + - kalk and the residual vectore=Y -Y =Y — XB can also
be represented using matrix notation as follows;

3?1 5:04-5:11”11 +5:21712 + "'+5:k$1k
. Ys Bo + Biza1 + Pawas + - - - + BrTok A
Y = = . =Xp
Yn BO + lenl + 321'71,2 + -+ kank
Y: - Y;
Yy — Vs «
e = ) =Y - Xg
Y, - Y,
where -
Bo
A B1
p=|"
Br



are the estimated parameters.
The residual vector is orthgonal to the columns of the design matrix.

XT(Y -X3)=0
Then the parameter estimates B are derived form the normal equations,
XTXp3=XTY

When the inverse matrix (X7X)™! is exists, the solutions to the normal equations, the vector of fitted values,
and the residual vector in matrix form are given by

g = (XTX)"'XTy (1)
Y = X3=XX"X)"'X"Y =HY (2)
e Y-Y=Y-HY=(I-H)Y (3)
where
H=X(XTX)"'xT (4)

The matrix H is called the hat matriz.

1.2 Estimated standard errors of the estimated regression parameters

Suppose the random vector W is obtained by multiplying the random vector Y by matrix A; that is, W = AY.
Then

Cov(W) = ACov(Y)AT (5)
It follows from Eq.(5) with
A = XTx)"'x”
AT = X(xXTX)!
Cov(Y) = o’
that .
Cov(B) = Ad’TAT = o?(XTX) I XTX(XTX)™! = ¢?(XTX) ! (6)

When we substitute the unbiased estimator

T
9 e e

ST = —
n—k—1
for the variance o2 in Eq.(6), we obtained the estimated variance-covariance matriz:
s*(B) = *(XTX)7!

and the estimated standard errors S(B) for the parameter estimates 3.

1.3 Coefficients of multiple determination

The SST (sum of total squares), the SSR (sum of the squared regression) and the SSE (sum of the squared
errors) are defined as follows respectively;

n

SST = > (Vi-Y)?=Y"Y-ny?
SSR = > (Vi-Y)?=Y"Y -ny?

SSE = Zef:eTe



These satisfies the following relation,
SST = SSR + SSE.

The coefficients of multiple determination, denoted R?, is defined as follows:

»  SSR
T SST

The adjusted R? is defined as follows:
n—1
R=1-(——)1-FR?
o1 () -

1.4 Confidence intervals for the regression parameters

The confidence intervals for the regression parameters can derived from

Bi — Bi :
~ ~lp—k-1

s(Bi)

where S(Bl) is the estimated standard error of the paramter estimate Bl and t,,_r_1 is the Student’s ¢ distribution
with (n — k — 1) degrees of freedom. For example, a 100(1-«)% confidence interval for the parameter estimate

Bi is

Bi £ 8(Bi)tn—r—1 (%)

1.5 Studentized residual
The residual vector e can be written in tersm of the hat matrix Eq.(4) as follows;
e=Y-Y=Y-HY=(I-HY
It follows from Eq.(5) with
HT = H,
(I-H? = (I-H)

that
Cov(e) = (I-H)*I1I-H)" = o*(I - H)? = 0*(I - H)
It can be shown that the variance of the ith residual e; are given by
V(ei) = 0'2(1 — h“)

where h;; is the ith diagonal element of the hat matrix.
We obtain the estimated standard error for the ith residual, denoted s(e;), by replaceing o2 with its estimate
s2. Thus,
8(61) =s5vy1— hii

The Studentized residual is difined, denoted e}, as follows:

1.6 Confidence intervals and prediction intervals in multiple linear regression

The vector

xp = (1,201, T2, , Tok)

denotes the values of the explanatory variables; that is,
X1 = w01, X2 = To2,++ , Xp = Tok

The estimated mean response, denoted Y(Xo)7 can be written as the matrix product

Y (xo) = x4 8



It follows from Eq.(2),

that .
xp =AY
where
A = xXTX)"'xT
AT = X(XTX) 'xq

It follows from Eq.(5), with Cov(Y) = 0?1 that
Cov(xl B) = Ac?IAT = 2 xT(XTX) ' XTX(XTX) %o = o?x% (XTX) " 'x0

The variance of Y (xg) is given by R
V(Y (x0)) = o”x (XTX) " "xg

We obtain the estimated standard error of prediction, denoted s(f’(xo)), by replaceing 02 with its estimate

5?2 = SSE/(n — k — 1); thus,
s(Y (x0)) = s1/xT(XTX)~1x

A 100(1 — a)% confidence interval for the mean response at the values xg is given by

. o
X Bttty k1 (5) s1/x3 (XTX)~1xg

A future response is given by Y (xo) = o + S1xo1 + - - - + Bror + €o and the predicted future response is
given by Y/(Xo) = BO + 311“01 + et /S’kx()k at the values xg of the explanatory variables, where ¢; denote the
independent normal random variable with zero mean and variance o2 that is independent of f’(xo).

Cosequently the variance of the difference between the future response Y (xp) and the predicted future
response Y (xo), denoted V(Y (xq) — Y (xp)), is given by

V(Y (x0) — Y(x0)) = V(Y (x0)) + V(Y (x0)) = (1 + x{ (XTX) " 'x0)

Similarly, the estimated standard error of the difference between the future response Y (xo) and the predicted
future response Y (x¢) is given by

S(Y (x0) — V(x0)) = s/1 + % (XTX)1xg

The coresponding 100(1 — «)% prediction interval for a future response Y (xq) is given by

xUB+tty ko (%) s\/l +xT(XTX)-1x
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