ON THE CLASS NUMBERS OF CERTAIN NUMBER FIELDS
OBTAINED FROM POINTS ON ELLIPTIC CURVES

ATsusHr SATO

1 Introduction

Let k be a number field of finite degree and k an algebraic closure of k, and let E/k
be an elliptic curve which is given by the Weierstrass equation of the form y* = f(z),
where f(x) € k[z] is a cubic polynomial. For a subset = of P!(k) (regarded as kU {oo}),
we denote the set {P € E(k) ; x(P) € £} by 27!(Z). That is,

v (2) = {(z,y) = (£ £V [(§)) s £€E},

if oo ¢ Z. Let Hpi : P'(k) — R be the standard absolute (exponential) height, and let

H, = Hpi oz : E(k) — R be the height relative to x. Then we have
0 HP € x (PUR) s Ho(P) < T} =T as T - oo

(see e.g., [4, pp. 70-75]).

The class numbers of number fields have been studied for a long time. One studies
the ideal class groups by using certain Diophantine equations, especially the arithmetic
theory of elliptic curves. We quote a classical result due to T. Honda [2], in which he

treats the case k = Q (see Section 3 for details).

Proposition 1.1 (Honda) Let f(x) = 42 — 27n? (n is a nonzero integer), and let
& be an integer satisfying the following three conditions:

(C0) V(O € Q

(C1) Fe(z) = 2% — €2+ n € Z[2] is irreducible over Q.

(C2) (&,3n) =1.
Then, the class number of the quadratic field Q(\/f(§)) is divisible by 3.
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We note that all but finitely many £ € 7Z satisfy the conditions (C0) and (C1):

HEeZ; VI eQt=8{(&n) €Z; n* = f(§), n =0} <oo,
t{€ € Z ; Fe(z) is reducible over Q} = §({¢*+n(™'; (€ Z,# 0} NZ) < .

Hence, putting = the set of such £ € Z that satisfy the above three conditions (C0)—(C2),

we have 3|hgp for any P € z7'(Z) and
H{Pea Y(2); H P)<T}~2{E€cZ; (£,3n)=1, |§|<T} =T asT — oo.

Consequently, in view of the asymptotic formula (1), we might say: For quite a few points
P €z Y (PY(Q)), the class number of Q(P) is divisible by 3.

We generalize these results into the following form:

Theorem 1.2 Let f(z) = 4x® — 27n? (n is a nonzero integer in k), and let Z* be the
set of such & € k that satisfy the following two conditions:

(C1)* Fe(z) = 2% — €2+ n € k[z] is irreducible over k.

(C2)* ord, (&) < 0 for all prime divisors p in k of 3n.
Then:

(i) For any P € x7*(Z*), the class number of the field k(P) is divisible by 3.

(ii) When k = Q, we have

24
HP e (2% ; Hy(P)<T) = I1 % T2+ O(TlogT) asT — oc.
p

p prime
pl3n
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We will show the theorem in Sections 4 and 5. Roughly speaking, our method to
prove the former assertion of the theorem is closely related to the proof of the Weak
Mordell-Weil Theorem and is considered as a geometric counterpart of Honda’s.

The above theorem together with

HP € (PHQ) ; HuP) ST} = 53 T2+ O(TlogT) asT — o0

(the precise form of (I) in the case where k = Q) imply:



Corollary 1.3 When k = Q, the points P € x~(P(Q)) for which the class number
of Q(P) is divisible by 3 have a positive density in the whole set z—'(P1(Q)):

HP €+ (1(Q) s han, ILP)ST) pp

p+1

P P e (P @) () =T

p prime
p|3n

ACKNOWLEDGEMENT The author would like to express his thanks to Professor

Shigeki Akiyama for improving the latter assertion of the theorem.

2 Some Basic Facts

In this section, we recall some facts on the quadratic twists and the field extensions
arising from an isogeny, which will play an important role in our theorem and its proof.
We do not attempt at complete generality and concentrate on what we need later. See

e.g., [5] for details.

2.1 The Quadratic Twists

Let k be a number field of finite degree and E/k an elliptic curve. For d € k*/k*?,
let xq4 : Gal(k/k) — Aut(E) be the homomorphism defined by

1 ifvd =+d
1 ifVad = —vd

xa(o) =

Here, Gal(-) denotes the Galois group. Then, there exist an elliptic curve E;/k and an
isomorphism 6, : E; — E defined over k(v/d) such that

xa(o) = 05001 for all o € Gal(k/k).

The elliptic curve E; and the isomorphism 6, are uniquely determined by d up to isomor-
phism over k, and Ej is called the quadratic twist of E with respect to k(v/d)/k, if d # 1
(mod k*?) (Ey is isomorphic to E over k, if d =1 (mod k*?)). Furthermore, the image
of E4(k) by 6y is characterized in E(k(v/d)) as

04(Eq(k)) = {P € E(k(Vd)) ; P° = xa4(0)P for all o € Gal(k/k)}.
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If E is given by the Weierstrass equation of the form y? = f(x) with a cubic polynomial
f(x) € k[z], we can choose the equation for E; of the form dy3 = f(x4). Then the

isomorphism 6, : E; — E is given by z = z4, y = V/dy,. Thus,

Oi(Ea(k)) = {(z,y) = (&, £V F(€)) s £ €k, f(§) =d (mod &%)} U E[2](k).

Hence we have

PR = | aBak).

dek [kx2

We note that the above union is almost disjoint in the following sense:

Oa(Ea(k)) N0u(Ex (k) = E[2)(k)  ifd#d  (mod k*?).

2.2 The Field Extensions Arising from an Isogeny

Let k be a number field of finite degree, E/k (resp. E'/k) an elliptic curve which is
given by the Weierstrass equation of the form y? = f(x) (resp. v? = g(u)) with a cubic
polynomial f(z) € k[x] (resp. g(u) € k[u]), and let A : E — E be an isogeny defined
over k. We assume that Ker A is contained in E’(k) and that | = deg A is an odd prime
number. Then there exist rational functions A, (u), Ay (u), Ay(u), Ay (u) € k(u) for which

the isogeny A is given by
r = Ag(u) + X (u)v, y = A, (u) + Ay(u)v.

Since A(u, —v) = (z, —y), we have Xi(u) = X(u) = 0. For Q € E'(k), let ordg denote the

normalized valuation on k(E’) attached to ). Then we have
ordg(A;(u)) <0 <= ordg(\(u)v) <0 <= Q€ KerA.
For each Q € Ker )\, the equality (\,(u)v)? = f(A.(u)) implies
2ordg (A, (u)) +20rdg(v) = 3ordg (A (u)) < 0.
In the case of @ # O, we have ordg(v) = 0, because [ is odd, and hence
2ordg(Ay(u)) = 3ordg (A (u)) < 0.
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Therefore, we can write A\;(u) and A, (u) as

()

M)y,

T A A T

with polynomials A% (u), A (), AP (u) € k[u] satisfying

Here, it follows from
ordo(Az (1)) = (deg AV (u) — 2deg A? (u)) ordp(u) < 0
and
I = [k(u) : k(2)] = max{deg A\ (u), 2deg A (u)}

that
deg AP (u) =1,  degA@(u) <

DO | =~

Moreover, it is easy to verify

For € € k, we put
Ag(u) = AV (u) = EAP (w)? € klu].

Then, for P € 7' (P}(k)) — E[2](k) given by (z,y) = (£, 7n), we have

wip) = {wo) = (¢ 115 ) 5 ce ko) =0

(note that A¢(¢) = 0 implies AV (¢) # 0 and A®(¢) # 0), and hence
HC ek Ae(Q) =0} = EATH(P) = 1 = deg A¢(u).

Thus A¢(u) does not have multiplicative roots, and k(A~'(P)) is the splitting field of
A¢(u) over k(P) = k(n).

For P € E(k), the map
Gal(k(A\H(P))/k(P)) — Ker ), o— Q7 —Q,

Q is a point in A7'(P), is an injective homomorphism. Since [ is prime, k(A~'(P))/k(P)
is a cyclic extension of degree 1 or [ according as P € A(E'(k(P))) or not, and we have

E(A"Y(P)) = k(P,Q) for any Q € A'(P). Furthermore, one easily observes:
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Lemma 2.1 Let the notation and the assumptions be as above. Then, for P €
Y (PY(k)) — E[2)(k) whose x-coordinate is &, the following conditions are equivalent:

(a) £ = A(C) for some C € k satisfying AP (¢) £0.

(b) Ag(w) is reducible over k.

(c) K(ATH(P)) = k(P).

3 Honda’s Result

In this section, we briefly review the proof of Proposition 1.1 due to Honda. As is
seen in [2], his method is concerned with certain isogenies of elliptic curves. Namely,
let £/Q (resp. E’/Q) be the elliptic curve which is given by the Weierstrass equation
y? = 423 — 27n? (resp. v* = 4nu + 1), and let A : ' — F be the isogeny defined over Q
which is given by

1+ nu? 2 — nu?
g s y:

T

u2
Then, deg A = 3 and Ker A = {(u,v) = (0,1), (0,—1)}U{O} is contained in £’'(Q). Thus
we can apply the whole argument in Section 2.2. We may take 1 + nu? and u as )\g)(u)

and A® (u), respectively, and then we have
Ae(u) = nu® — &u® + 1.

For P € z7!(Q) whose z-coordinate is &, it is clear that the condition (C0) is equivalent
to the condition [Q(P) : Q] = 2. Moreover, under the assumption f(§) # 0, the condition
(C1) is equivalent to the condition [Q(A~(P)) : Q(P)] = 3 because of Lemma 2.1 and
Fe(z) = 2°A¢ (1> :
z
We also note that E has good reduction at every prime which does not divide 3n.

Proof of Proposition 1.1 (cf. also, [3]).  Let & be an integer which satisfies the three
conditions (C0)—(C2), and let P be a point in 271 ({¢}). Putting K = Q(P) = Q(+v/f(£))
and K’ = Q(A\™'(P)), we have [K : Q] = 2 and [K’ : K] = 3 because of the assumptions
(C0) and (C1). Since the discriminant of the cubic polynomial Fg¢(z) equals f(§), K’ is
the splitting field of F¢(z) over Q, and hence K'/Q is a dihedral extension of degree 6.



We shall prove that K’/K is unramified. Let K” be a cubic subfield of K’. If a prime
divisor in K of a prime number p were ramified in K”, p must have been fully ramified in

K". Therefore we should have a congruence
Fe(z) = (2 —a)® (mod p)

with some o € Z. Comparing the both sides of the congruence, we should have either

p|(&,n) or 3|¢, which would contradict the assumption (C2). O

REMARK 3.1 Honda’s original result [2, Proposition 10] showed not only Proposition
1.1 but also its inverse. Thus, he also proved: If the class number of a quadratic field K s
divisible by 3, K is of the form Q(\/ f(&)) for some n and some & € Z which satisfies the
conditions (C0)—(C2) (note that the polynomial f(z) and the three conditions depend

on the choice of n).

4 Proof of the Theorem (Part 1)

In this section, we give a proof of Theorem 1.2, (i). Our method is concerned with
certain isogenies of elliptic curves as well as Honda’s, and we use the elliptic curve and
the isogeny which are defined by the same manner as in Section 3. Namely, let E'/k
be the elliptic curve which is given by the Weierstrass equation v? = 4nu® + 1, and let

A : E' — E be the isogeny defined over k& which is given by

_1+nu3 2 — nu?

T ) Y=

V.
us

w2
Then, deg A = 3, Ker A C E'(k), and we can apply the whole argument in Section 2.2.
We have

Ae(u) = nu® — &u® + 1

as well as in Section 3. For P € z !'(P'(k)) — F[2](k) whose z-coordinate is &, the
condition (C1)* is equivalent to the condition [k(A™!(P)) : k(P)] = 3 because of Lemma
2.1. Putting



we have another Weierstrass equation for E'/k
(%) VZ—nV =U?
whose discriminant is —27n*, and then,
Ker A = {(U,V) = (0,0), (0,n)} U{O}.
Now, we fix a point P in 2~ '(Z*) given by (z,y) = (£,n) and put
K = k(P) = k(n), K' = k(\"Y(P)), G = Gal(K'/K).

Then we have [K : k] <2 and [K': K] =3, for P ¢ E[2](k) follows from the assumption
(C2)*. Moreover, for any Q € A™1(P), we have K’ = K(Q) and

Q" —QeKer\ foralloed.

Theorem 1.2, (i) is an immediate consequence of the following proposition and the class
field theory (note that a Galois extension of odd degree is unramified at every infinite

place):

Proposition 4.1 Let the notation and the assumptions be as above. Then, the exten-

sion K'/K is unramified at every finite place.

For the time being, we use the following notation:

BT a prime ideal in K.

B’ a prime divisor in K’ of .

k" the residue field of J3'.

D the decomposition group for P’/P.
I the inertia group for P’ /P.

As the first step to show Proposition 4.1, we shall consider the reduction of £/ modulo

PB’. Namely, let

E'(K") — (E" mod B')(x'), Q — Q mod P’



be the reduction map modulo P’ with respect to the Weierstrass equation (x). We define

two subsets of E'(K’) as

Ey(K' ) ={Q € E'(K') ; @ mod P’ € (E" mod ') (r)},

Ei(K; %) = {Q € E'(K") ; Qmod ' = O mod P'}.
Note that the equation (x) is not necessarily minimal. Thus the two subsets defined above
are not uniquely determined by E’, K’ and by J3’, in general. However, we can verify that
E{(K';9p') is a subgroup of E'(K’), and that the map E{(K’;P’') — (E' mod P'),s(x') is a
homomorphism with its kernel £} (K’;B"). We can characterize E|(K';PB’) and E}(K';P’)

in E'(K’) in terms of P’-adic valuations of U-coordinates as follows:

Lemma 4.2 Being the notation as above, we have

{(UV) =(¢w) ; ordy(¢® +n?) <0}U{O} if P3n,
E'(K") otherwise

Ey (K5 9) =

and

EY (KB ={(U,V) = (C,w) ; ordgy(¢) <0} U{O}.

Proof. The latter equality is clear. We show the former one.

In the case of B 1 3n, the elliptic curve £’ has good reduction at ', and hence we
have E|(K';p') = E'(K').

Suppose that B|3n. Then, for @ € E'(K’) — {O} given by (U,V) = ((,w), the
condition @ ¢ E{(K';’) is equivalent to

ordgy (¢) > 0, ordy(3¢*) >0 and ordg (2w —n) > 0.
Here, we may replace the condition ordgy (2w — n) > 0 by ordgy (¢* + n?) > 0, for
(2w —n)? = 4¢3 4+ n* =3¢ + (¢ +n?).

Furthermore, the condition ordgy (¢* + n?) > 0 implies ordgy (¢) > 0 and ordg (3¢*) > 0.
Thus Q ¢ Ej(K’;P') holds if and only if ordg (¢* + n?) > 0, and hence we obtain the
desired equality. O

As the second step, we show A™1(P) N E{(K';B’) # 0.
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Lemma 4.3 Let the notation and the assumptions be as above. Then, at least one

point in A\™H(P) is contained in Ej(K';P').

Proof. In the case where P t 3n, the assertion is clear.
Suppose that PB|3n. Let A71(P) = {Q1, Q2, @3}, and let (; denote the U-coordinate
of Q);. Then, the cubic polynomial

n

n*Ag (U) =U? — ¢U? +n® € k[U]

is decomposed as

U —&U% +n* = (U = Q)(U = &)U — G).
Comparing the both sides of the equality, we have
G+Ge+G=¢

Hence ordgy ((;,) < 0 holds for some iy € {1,2,3} because of the assumption (C2)*, and
then,
Ordgp/(C% + n2) = Ol"dqy (5@20) = Ol"dqy (f) +2 Ol"dqy(gio) < 0.

Thus, Qi, € By(K': ). n
REMARK 4.4 In fact, we have A\™'(P) C Ej(K'; ') if P {n.

As the third step, we show that 8 is unramified in K’ (i.e., I = {1}) assuming that
B is not decomposed in K’ (i.e., D = G).

Lemma 4.5 With the notation and the assumptions as above, we also assume that P

is not decomposed in K'. Then, B is unramified in K'.

Proof. Under the assumption D = G, the prime ideal P’ is the unique prime divisor
in K’ of B, and the subsets E{(K';P’) and E|(K';P’) of E'(K') are G-stable. Hence, for
any @ € E\(K';B'), we have

Q°— Qe Ey(K';p) foralloel.
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Let Q be a point in A7 (P) N Ej(K';9), which is a nonempty set by Lemma 4.3.
Since Ker A N EJ(K';P') = {O}, we have

Q°=Q forall o el

On the other hand, we have K’ = K(Q). Thus, I = {1}. O

Since D # G implies D = {1} and I = {1}, we obtain Proposition 4.1.

REMARK 4.6 In the case where B|n, we can show D = {1} without using the reduc-

tion map.

Finally, we shall mention the condition (C2)*. Putting

_ytn

X =uz, Y ,
2

we have another Weierstrass equation for E/k
YV?—nY = X% —7n’
Let K be a finite extension of k. For a prime ideal ¥ in K, let
E(K) — (E mod B)(k), P +— P mod ‘B

be the reduction map modulo P with respect to the above equation, where x denotes the

residue field of 8. We define a subset Ey(K;B) of E(K) in the same manner as before:
Fo(l6; ) = {P € B(K) ; Pmod P € (F mod B)uu(s)}.

Then, it is easy to verify

{(X,Y) = (&) 5 ordgp(§) <0} U{O} if P3n,
E(K) otherwise.

EO(K§‘33) =

Thus, a point P in E(K)Nz~'(k) is contained in (g Eo(K;P) if and only if its X-

coordinate (= x-coordinate) £ satisfies the condition (C2)*.
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5 Proof of the Theorem (Part 2)

In this section, we give a proof of Theorem 1.2, (ii).

First, we prove asymptotic formulas, due to S. Akiyama [1], for the partial sums of

two arithmetical functions.

Proposition 5.1 Let N be a positive integer. We define two arithmetical functions

on and Py by
on(m)=8{i€Z; 0<i<m, (Ni,m)=1},
Yy(m)=8{i €Z; 0<i<m, (i, Nm)=1}.
Then,
Z on(m) = enT? +O(TlogT), ZwN )=cnT?* +O(TlogT) asT — oo,
m<T m<T
where

p prime
p|N

REMARK 5.2 (i) When N = 1, we have ¢; = ¥ = ¢, where ¢ is the Euler totient
function. In this case, the asymptotic formulas are well-known (we regard c¢; as 3/7?).

(ii) The functions @y, 1y and the constant cy depend only on the prime divisors of

N.

(iii) One easily observes

pn(m) =HE€Q; €21, ordy(§) <0 forall p € S, Hpi(€) =m},
Yn(m) =t{€€Q; 0<&<1, ord, (&) <0 forall p e S, Hpi(€) =m}.

Here, S denotes the set of prime divisors of V.
Corollary 5.3 For any finite set S of prime numbers, we have
#H{E€Q; ord,(€) <0 forallpe S, Hp(§) < T} =csT? +O(TlogT) as T — oo,

where
12 P

p—l—l
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We will give a proof of Proposition 5.1 after showing two lemmas. For a positive
integer j, we shall denote the integer j/(j, N) by j*. Then we can rewrite py and ¥y

with the Mobius function as follows:

Lemma 5.4 We have

on(m) = u(j) = Ywlm) = > ulj) H :

jlm JINm

Here, u is the Mobius function.

Proof. We start with the relations

on(m)=>_ > u(),  dnm) =D > uli),
i=1 j|(i,Nm)

i=1 j|(Ni,m)
and obtain
NOES WD RES WULIIENOES SO NED I
jm  ism gim jNm i=m jiNm

i i ili

O

The constant cy in Proposition 5.1 is related to Mdbius function in the following

manner:

Lemma 5.5 We have

= QCN.

i p(j)
= i
Proof. One easily observes that the function pu(-)(-, N) is multiplicative:
1(35) (G5 N) = (i) (G, N) - p(5)(5", N) - whenever (j,5') = 1.
Hence the series
Z n(j) _ Z 1(5) (4, N)
L -9 Y
i A S
which is dominated by N Z;’il 572, has the Euler product and coincides with

(S5-I 5) M) T )

p p ptN
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Proof of Proposition 5.1. It follows from Lemma 5.4 that

Z@N( Z Z'u ,u Z

m<T m<T jlm i<T m<T
jlm
and that
1) _ 1(j)
S nm = Y Y0 (Y ) = 3 A0 5 s opios)
m<T m<T FjINm m<T J<NT J m<T
J*m

Here, og(m) denotes the number of divisors of m, and we have used

> )| < oo(Nm) < ao(N)ao(m)

FINm

to obtain the latter equality. Hence we have

ZSON( ZM T +0(TlogT), Z%DN % Z @T2+O(TlogT)

m<T ]<T m<T j<nr 17
by
T /T T2
Sm= Y gm = LS| (|5 +1) =5 +o@),
) 217 J 2j
m<T m<T/j -
jim
< T /[T T2
Som= Y jm=% || (|F]+1) =55 +O@)
e :
jIm
and by
' 1 ' 1
S D NS L Nl O S
j<r J j<T jenr Y j<nrJ

On the other hand, one easily observes

L ZM (%) Y 1) i%+0(%>

J<T 24 JSNT 37" j=1

Thus the desired formulas follow from Lemma 5.5. O

Next, we show the following asymptotic formula:
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Proposition 5.6 Let the notation and the assumptions be as in Section 2.2. Then,
t{e €k Ae(u) is reducible over k, Hpi(€) < T} =< T*FUAN 45 T — oo,

Corollary 5.7 Let the notation and the assumptions be as in Theorem 1.2. Then,
#{e €k Fe(2) is reducible over k, Hpi(€) < T} =< T*UB 45 T — 0.

Theorem 1.2, (ii) immediately follows from Corollaries 5.3 and 5.7.

Proof of Proposition 5.6. It follows from Lemma 2.1 that
t{€ € k; A¢(u) is reducible over k, Hpi1(§) <T} <t#{( € k; (HpoX,)(() <T}.
On the other hand, since A, (u) is a rational function of degree [, we have
Hpr o\, < Hb  on PY(E).

Hence we obtain the assertion by the asymptotic formula (1) in Section 1. 0J

REMARK 5.8 If we could show
tleck; ordy(6) <Oforallpe S, Hp(6) < T} =T as T — oo
for any finite set S of prime ideals in a number field k£, we would obtain
H{Pea (2 ; Hy(P)<T} <T"¥ as T — oo

and
t{P € x ' (P'(k)) ; 3lhwp), Ho(P) < T}

lim inf > 0.

T HPex (P(R); H,(P)<T}

6 Some Remarks

Let k be a number field of finite degree and E/k an elliptic curve which is given by
the Weierstrass equation of the form y? = f(z) with a cubic polynomial f(z) € k[z]. For
d € k*/k*% let E; and 6; be as in Section 2.1, and we denote the Mordell-Weil rank

of E; over k by ry. For given d € k*/k*?, it seems very difficult to determine whether
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rq is positive without calculating the Mordell-Weil group E4(k). Therefore, we cannot
characterize such d € k* /k*? that satisfy 74 > 0 in terms of some arithmetic invariants,

such as the class numbers, of the fields k(v/d) at present. However, we have
{P € 04(Eq(k)) ; Ho(P) < T} =< (logT)*? asT — oo

for each d € k*/k*? (see e.g., [4, pp. 124-127]), and hence infinitely many d € k*/k*?
satisfy 4 > 0. (One obtains much more precise results by specializing some sections of
an elliptic surface. See e.g., [6] and some other papers referred in it.) Moreover, since
Usderx sx2 0a(Ea(k)tor) 1s known to be a finite set, we have 0q(Ey(k)ior) = E[2](k) for all
but finitely many d € k*/k*?. Thus the condition ry > 0 is equivalent to the condition
04(Eq(k)) # E[2](k) with finitely many exceptions. In other words, putting

K={k(P); Pea ' (P'(k)},  Ki={k(Vd); dek /K ry>0},

we have

IC+ - ICv ﬂIC_;,_ = 00, ﬁ(’c - ’C-i‘) < 0.

Now, let the notation and the assumptions be the same as in Theorem 1.2, and we

define two subsets of I as
Ks={k(P); Pea ' (P(k), 3lhur},  K(E)={k(P); Pex(E)}

Then, our results seem to suggest that the set K3 N K, has a positive “density” (in a
suitable sense) in the whole set I, . Indeed, the former assertion of Theorem 1.2 means

K(Z*) C K3, while the latter one implies
BK(E") =00,  H(K(E") —K4) <00

and shows that z71(Z*) is sufficiently large in 27 }(P'(Q)). However, that does not help

us to estimate the largeness of K(=*) in K.
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