ON THE CLASS NUMBERS OF CERTAIN NUMBER FIELDS
OBTAINED FROM POINTS ON ELLIPTIC CURVES Il
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Abstract

We study the ramifications in the extensions of number fields arising from an
isogeny of elliptic curves. In particular, we start with an elliptic curve with a
rational torsion point, and show that the extension is unramified if and “only if”
the point which generates the extension is reduced into a nonsingular point (we need
to assume certain conditions in order to prove the “only if” part). We also study a

characterization of quadratic number fields with class numbers divisible by 5.

1 Introduction

The ideal class groups of number fields have been studied for a long time. One studies
the ideal class groups by using certain Diophantine equations, especially the arithmetic
theory of elliptic curves. For example, T. Honda [2] (see also [3]) used elliptic curves to
construct infinitely many (real and imaginary) quadratic number fields with class numbers
divisible by 3. He also studied a characterization of such number fields (cf. [5]). In [10]
and [11] (see also [12]), the author gave a geometric interpretation for Honda’s work, and
introduced a way to construct, from an elliptic curve with a rational torsion point of order
[ € {3,5,7}, infinitely many quadratic number fields with class numbers divisible by .

Let k£ be a number field of finite degree, and let £ be an elliptic curve defined over
k which has a k-rational point T of prime order [. Then there exist an elliptic curve
E* and an isogeny A : E — E*, which are defined over k, such that Ker A = (T). Here

(Ty) denotes the subgroup of E(k) generated by Tp. Such a pair (E*, \) is unique up to
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k-isomorphism, and E* is often denoted by E/(Tp). Taking certain equation for £ and
using Vélu’s formulas, the author studied, in [10] and [11], the ramification in the extension
k(A(Q))/k(Q) for a point @ on E* with X(Q) € k, and obtained a sufficient condition
for the extension unramified at every finite place. Roughly speaking, the extension is
unramified if @ is reduced into a nonsingular point (see Theorem 5.1). In its proof, the

following fact (see Theorem 2.1) plays an important role:

Let p be a prime ideal in k, and let E (resp. E*) be the curve, defined over the residue
field Oy /p, which is obtained from the equation for E (resp. E*). Then, for a point @
on E* whose image on E* is nonsingular, at least one point in A\™(Q) is reduced into a

nonsingular point on E.

In the present paper, we study the converse of the scheme described above. In Sec-
tions 2 through 4, we prove that the image of ) on E* is nonsingular if at least one point
in A71(Q) is reduced into a nonsingular point on E, assuming | # 2 for simplicity (Theo-
rem 2.2). In Section 5, we apply it to show that the sufficient condition for the extension
unramified is also a necessary condition, under certain assumptions (Theorem 5.2 and
Corollary 5.3). Thus, roughly speaking, the extension k(/\*l(Q))/k(Q) is unramified if
and “only if” @ is reduced into a nonsingular point.

Now, taking k = Q and [ € {3,5, 7}, we can construct a lot of quadratic number fields
with class numbers divisible by [ (see Theorem 6.1 for the case of [ = 5). In Section 6,
we study a characterization of quadratic number fields with class numbers divisible by
5. The case where [ = 5 is particular, since the quintic polynomial which appears in our
theory is closely related to Brumer’s quintic polynomial, which is a generic polynomial

for the dihedral group of order 10.

2 Reduction of isogenies via Vélu’s formulas

In order to state the main result, we shall briefly repeat the settings in [11, Section 4].
For details, see the original paper.

Let k£ be a perfect field with char k # 2, and let v be a non-archimedean valuation on
k. We denote the valuation ring, the valuation ideal and the residue field by O,, p, and

by k., respectively. For a € O,, we sometimes denote its image in k, by a.
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Let E be an elliptic curve defined over k which has a k-rational point Ty of prime

order | # 2. Then we can take a Weierstrass equation for E of the form
(2.1) Y2+ azy + asy = 23 + asr? + aur + ag
with

ai, Gz, a3, G4, Gg € Ov-

Moreover, we can take an equation so that the condition
x<T0)7 y<T0) S Ov

is also satisfied. We denote the discriminant of Equation (2.1) by A. We fix such an
equation and consider the reduction of £ modulo p,. That is, let E = F mod p, be the

curve defined over k, which is given by
(2.2) y? + a1y + asy = 2° + Gex® + aux + G,
and let

E(k) > P+ P =Pmodyp, € E(k,)

be the reduction of E modulo p, with respect to Equation (2.1). Using the reduction map,

we define two subsets of F(k) as
Eo(k:py) = {P cE(k); Pe Ens(ﬁv)}, & (kipy) = {P cE(k); P= 6} .

Here Ens(mv) denotes the set of nonsingular k,-rational points on E. Then Eo(k;py) is a
subgroup of E(k), and
Eo(k;py) 3 Pr— P € Epa(r)

is a group homomorphism of kernel &, (k;p,). We call P € E(k) is good modulo p,

with respect to (2.1) if it belongs to E¢(k;p,) (we often omit the phrase “modulo p, with

respect to ...”). Similarly, we call P € E(k) is bad if it does not belong to o(k; py).
Let ' be the subgroup of E(k) generated by Ty, and let

(2.3) Y2+ A XY +A3Y = X2+ A X2+ A X + Ag



be the equation for the elliptic curve E* = E/I" and A : E — E* the isogeny which are
given by Vélu’s formulas [13] (see also [11, Section 2] or [14, Section 12.3]). Then we have

A17 AQ; A37 A47 Aﬁ € Ov'

We denote the discriminant of Equation (2.3) by A*. Let E* = E* mod p, be the curve

defined over k, which is given by
(2.4) v+ Aley + Avgy = 2% + Ao2® + Agz + As,

and let
E*(k) 3 Q+— Q= Qmod p, € E*(k,)

be the reduction of £* modulo p, with respect to (2.3). We define E§(k; p.,), € (k;p,) C
E*(k) in the same manner as for F.
In [11], the author showed that the inverse image by A of every good point contains a

good point:

Theorem 2.1. ([11, Theorem 4.5]) If Q € &3(k;p,) satisfies \"1(Q) C E(k), we have
A1(Q) M Ealkipy) £ 0.

The main result of the present paper is that the converse of the above theorem holds.

That is, we prove the following theorem:

Theorem 2.2. If Q € E*(k) satisfies \1(Q) C E(k) and \"(Q) N &Ey(k;p,) # 0, we
have Q € E5(k;py).

REMARK 2.3. We have either I' N Eo(k;p,) = {O} or ' N Ey(k;p,) = I'. In the
former case, the set A™1(Q) N Eo(k; p,) consists of at most one point. In the latter case,
A Q) N &(k; py) coincides with A™H(Q) or . We also have T'N &, (k;p,) = {O} in both

cases.

REMARK 2.4. The assertion of Theorem 2.1 holds even if chark = 2 or if [ = 2 (in
[11, Section 4], k is arbitrary perfect field, and [ is arbitrary prime number). We can also
show Theorem 2.2 in these cases. However, we shall assume char k # 2 and [ # 2, since

the proof for these cases are complicated, and we will apply the theorem only in the case

where chark = 0 and [ # 2.



Before giving a proof of Theorem 2.2, we show the following (cf. [11, Remark 4.6]):
Corollary 2.5. The curve E is nonsingular if and only if so is the curve E*:

A=0 (modp,) <= A"=0 (modp,).

Proof. Aswe will see in the beginning of Section 3.2, the condition I'NEy(k; p,) = {O}
implies that both of the curves are singular. Thus it suffices to show the assertion in the
case where I' N Ey(k;p,) = I'. We may also replace k with its finite extension.

First, suppose E is singular. Then we can take a point P € E(k) — &y(k;p,) (for
sufficiently large k). Thus, putting Q@ = A\(P), we have A=1(Q) N &q(k; p,) = O because of
the assumption I' N Ey(k; p,) = ' (see Remark 2.3). Therefore we obtain @ ¢ Ej(k;p.)
by Theorem 2.1, and hence E* is also singular.

Conversely, suppose E* is singular. Then we can take a point @ € E*(k) — E5(k;py)
such that A™1(Q) C E(k) (for sufficiently large k). Therefore we obtain A™'(Q) N
Eo(k;p,) = 0 by Theorem 2.2, and hence E is also singular. O

3 Proof of Theorem 2.2 (Part I)

3.1 Relations among X,Y and x,y In what follows, for a function f and a
point P on E, we often denote the value f(P) by fp. We also denote F(Q) by Fg for a
function F' and a point ) on E*. Now we recall that the isogeny A : £ — E* is given by

I(x) Y — Iy(z) + Ii(x)y

(3.1) X = —Jo(x)Z’ Jo(@)?

with polynomials
I(m):xl—2<z xT>xl_l—|—--- ; Iy(x), Ii(x)

and

Jo(@) = T (o = wr) = 2002 = (37 ) a2 4 -

Tely Telg
in z, where I'y C I is a perfect representatives for (I' — {O})/ £ 1 (see [11, Section 3.2]).

We note that all the coefficients of these polynomials are in O, and that I(x) and Jy(x)
do not have any common root. We define ¢%, ¢¥ € k(E) and G*, G¥ € k(E*) by

g" =32 + 2a27 + ay — ary, Y = =2y —a1x — as

5



and by
G¥ =3X%+24,X + Ay — AYY, GY = -2V — A1 X — A,

respectively. In the proof which we will describe, the formula

(3.2) Xg + Z T = Z Tp

Tel'—{0} PeX-1(Q)
(see [11, Remark 2.1]) and the formulas
(3.3) Géj =mpgp+np(gh), Gg = mpgp

for P € A71(Q) (see [11, Section 3.1]) play important roles. Here we define m,n € k(E)
by

m=1-% <29%—a19%+ 2(g7)? ) ne 3 (2(g%—a1§q§ L3 )
r — T
Telg

to (x — )2 (x —zr)? (x — zp)?

3.2 The case I'NEg(k; p,) = {O} We first consider the case I'NEy(k; p,) = {0},

i.e., the case where every T' € I' — {O} is bad. In this case, we have
Al = ay, A2 = @2, Ag = as, A4 = a4 (mod p’v)a A6 = Ug (mod pv)

(see [11, Proof of Theorem 4.5]). Thus Equation (2.4) for E* coincides with Equation (2.2)

for E. Consequently, we obtain
A=A"=0 (mod p,).

Since all T € T' — {O} are bad points, writing « the z-coordinate of the (unique) singular
point on E, we have 7y = a for all T € I'— {O}. We recall that the set A=1(Q) N &y (k; p,)

consists of at most one point, as mentioned in Remark 2.3.

Proposition 3.1. If Q € E*(k) satisfies A\™1(Q) C E(k) and \71(Q) N Eu(k; p,) =
{P}, we have Q € E§(k;p,).

Proof. Assume Q # O and A1 (Q)NEy(k; p,) = {P} (the assertion is clear if Q = O).
Then every P’ € A™1(Q) — {P} is bad, and hence satisfies Tp: = a.. Therefore

XQ—JIPI Z Irpr — Z T

Pex—1(Q)—{P} Ter—{O}
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(see (3.2)) belongs to p,. Consequently, if zp € O,, we have Xg € O, and zp = X
(mod p,), which imply @ € Ej(k;p,) — EL(k;p,). If zp & O,, we have Xo € O,, and
hence @ € €% (k;p,). In both cases, we conclude Q € Ei(k;p,). O

3.3 The case I' N Ep(k;p,) = ' We next consider the case I' N Ey(k;p,) =T,
i.e., the case where every T' € T is good. In this case, the set A™(Q) N &y(k; p,) coincides
with A™1(Q) or 0, as mentioned in Remark 2.3.

Proposition 3.2. If Q € E*(k) satisfies A\™1(Q) C E(k) and \71(Q) N &y(k; py) =
A1(Q), we have Q € Ej(k: ).

In order to prove the above proposition, we need the following lemma, which we will

show in the next section:

Lemma 3.3. Assume D" C Ey(k;p,) and A* =0 (mod p,). If P € Eo(k;py)—E 1 (k;py)

satisfies xp Z xp (mod p,) for all T € T'—{O0}, we have either mp € O ornp g% € OF.

REMARK 3.4. In the above lemma, it immediately follows from the assumptions that

rp, Yp, g]$37 g%a mp, np € Ov-
Hence we may write the assertion as “mp # 0 (mod p,) or npgp Z 0 (mod p,).”

Using Lemma 3.3, we can prove Proposition 3.2 as follows:

Proof of Proposition 3.2.  Since the assertion is clear if Q = O or if A* Z 0 (mod p,),
we assume I' C Ey(k;p,), @ # O and A* =0 (mod p,).

(i) Suppose P = T holds for some P € AYQ) and T € T. Then we have P/—l?%’ =
T/ﬁ’ for each 7" € T', and hence

{13; PeA—l(Q)}z{T; Ter}.

In particular, we have P = O for some P € A1(Q), and such a point P is uniquely

determined. Therefore

XQ—JIPI Z Irpr — Z IT

Pex—1(Q)—{P} Ter—{0O}
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(see (3.2)) belongs to p,, and we obtain Xg € O,, for xp ¢ O,. Thus we conclude
Q € &5 (k;po).

(ii) Suppose P =T does not hold for any P € A™1(Q) and T € T. Let P be a point
in A71(Q). Then clearly P € &(k;p,) — &4 (k;p,), and it is easy to verify that zp # zr
(mod p,) hold for all " € I" — {O}. Hence we have X, Yy € O, by (3.1). Now suppose
Q & &;(k;py), which means G = Gf), =0 (mod p,). Then it follows from (3.3) that

mp gp +np(gp)’ =mpgp =0 (mod p,).

However, by Lemma 3.3, we also have either mp € OF or npg} € O). Therefore we
must have (mp € O and) g5 = g% =0 (mod p,), which contradicts P € Ey(k;p,). Thus
we conclude @ € Ei(k;p,) — EL(Kipo). O

4 Proof of Theorem 2.2 (Part II)

In order to complete the proof of Theorem 2.2, we have to show Lemma 3.3. In
the present section, we assume I' C Ey(k;p,) and A* = 0 (mod p,), fix a point P €
Eo(k;py) — E4(k; p,) which satisfies xp #Z x7 (mod p,) for all T € I'— {O}, and show that
either mp #Z 0 (mod p,) or np gy # 0 (mod p,) holds (zp, yp, g5, g%, mp, np € O, are
immediate, as mentioned in Remark 3.4). Since we may replace k with its finite extension
without loss of generality, we assume E[2] C F(k). The group E[2] consists of 4 points,
and hence the order of its subgroup, such as E[2] N Ey(k; p,) and E[2] N E4(k;p,), is 1,2

or 4.

4.1 Relations among m,n and * Putting

M(z) = I'(z) Jo(z) — 21(z)J)(z) = B3/ 3(2?@ ) G52y .

Tely

N(z) = M'(x)Jo(x) — 3M (z)Jo (),

we can rewrite m, n as
M@ N@)
N Jo(ﬂf)S’ N 2J0(£B)4
We note that all the coefficients of M (z) and N(z) are in O,, and that M(z) and Jy(x)

do not have any common root. In the proof of Lemma 3.3 which we will describe, we shall
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compare the reduction of M(z) and Jo(z). We denote by M(z) and Jo(z) their reductions
modulo p,.
Now we recall that the points of order 2 on E and E* are the zeros of ¢Y and GY,

respectively:

E[2] —{0} ={T € E(k) {0} ; 97 =0},

E*[2] — {0} = {U € E*(k) - {0} ; G}, = 0}.
Thus it follows from A7 (E*[2]) = E[2] + I that each T € (E[2] — {O}) + (I' — {O})
satisfies gy # 0 and Gf\/(T) = 0. Since such T also satisfies Jy(z1) # 0, we have

M(SCT) Yy
Jo(wr)? I

0= GX(T) = mr gy =
(see (3.3)), and hence M (zr) = 0. Consequently we obtain

M@y = ][ -,

Te(E[2]—{O})+To

for the set (E[2] — {O}) 4+ I'y consists of (31 — 3)/2 points.

4.2 The case char k, # 2 If the characteristic of x, is not 2, one easily verifies
E2]NE(k;p,) = {O}. Thus we consider according to the order of E[2] N &Ey(k;p,), and

obtain:

Lemma 4.1. Let the notation and the assumptions be the same as in Lemma 3.3. We
also assume E[2] C E(k) and char k, # 2. Then:

(i) If E[2] N Eo(k; py) = {O}, we have mp # 0 (mod py).

(i) If E[2] N (ks pu) # {O} and if mp =0 (mod p,), we have npgh £ 0 (mod p,).

Proof. We first claim that the assumptions imply (E[2] + ') N E(k;p,) = {O}.
Indeed, if T' € E[2] and T" € T" satisty T'+ 1" € €, (k; p,), we have

T=[T=1(T+T) € & (k;py),

and hence T'=T" = O because of E[2| N E 4 (k;p,) = {0} and I' N E4(k;p,) = {O} (see
Remark 2.3).

It follows from the claim that the reduction map
(BRI +T)N & (ki) 2T — T € Eng(r,)
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is an injective group homomorphism. Therefore, for good points 7" and 7" in (E[2] + 1) —
{O}, we have

rr =xp  (mod p,) < T =4T.

In what follows, we denote by « the x-coordinate of the singular point on EifA=0
(mod p,). Then clearly Zp # .
(i) Assume E[2] N Eg(k;p,) = {O}. Then each T € E[2] — {O} is bad, and T + T

consists only of bad points. Thus we have

and hence
o M(ZL‘P)
= Joler)? Z0 (mod p,).

(il) Assume E[2] N Ey(k;py) = {0, T1} (Th # O) and mp = 0 (mod p,). Then we

mp

can show

M(z) = (z —a)! H (x — Z7), Tr#a for TeT +1Ty

TETy+To
in the same manner as in (i). We also have Zp # Zp for distinct points 7" and 7" in
(Ty +To) U{T1}. Since mp = 0 (mod p,), there exists (unique) 7' € Ty + I'y which
satisfies Tp = T, and then M'(zp) # 0 (mod p,). Thus we have

N(zp) = M'(xp)Jo(zp) — 3M (xp)Jo(zp) = M'(zp)Jo(zp) Z0 (mod p,),

and hence
_ N(zp)
2J0<l’p)4

Furthermore, it immediately follows from Zr # «a and T # T, that g% # 0 (mod p,).
(ii)” Assume E[2] N Eq(k;p,) = E[2] and mp =0 (mod p,). Then we have E[2] +T C
&o(k; py), and hence T # Tp for distinet points T and 7" in (E[2] + o) U (E[2] — {O}).

# 0 (mod p,).

np

Thus we can show np #Z 0 (mod p,) and ¢% #Z 0 (mod p,) in the same manner as in

(if)" O

10



4.3 The case char kK, = 2 If the characteristic of k, is 2, it is not hard to verify
(4.1) (a28)* = A (mod p,) for T € E[2] — &, (k; p,).
Indeed, since T' € E[2] — €, (k;p,) satisfies g% = 0, we have

azr = az  (mod py), a?y% = ag + a1a2a§ + a%a3a4 + a:fa(; (mod p,),

and hence
(a%g%)Q = a(zp+ai+alyy) = ay+atal+al(a)+arasa)+aiazas+aiag) = A (mod p,).
We also have
(4.2) (a%G‘;]()z =A" (modyp,) for Ue E*[2] - &EL(kipy),
for A; = a;. We consider according as a; belongs to p, or not, and obtain:

Lemma 4.2. Let the notation and the assumptions be the same as in Lemma 3.3. We

also assume E[2] C E(k) and char k, = 2. Then we have mp Z 0 (mod p,).

Proof. (i) Assume a; =0 (mod p,). Then it follows from char x, = 2 that

20%, — Y 2 Y2
mp = 1 — Z gr a19r + (gT) =1 (mod pv)
fa \(zp —zr)?  (zp —27)?

(ii) Assume a; #Z 0 (mod p,) and A = 0 (mod p,). Then, for each T" € E[2] —
&+ (k;py), we have g% = 0 (mod p,) by (4.1). Since such T also satisfies g% = 0, we
have T & Eo(k;p,), and conclude E[2] N Ey(k;p,) = E[2) N E4(k;p,). Hence, putting
e =#(E[2] N &, (k;p,)), we obtain

M(ZE) _ jo(:)j)e_l (1’ N O./)(4_e)(l_1)/2,

where a denotes the z-coordinate of the singular point on E. Thus we can show m pZ0
(mod p,) in the same manner as in the proof of Lemma 4.1.

(iii) Assume a; # 0 (mod p,) and A # 0 (mod p,). Then the reduction map

E[2]+T 3T +—T € E(ky)
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is a group homomorphism of kernel E[2] N € (k;p,). Now we claim E[2] C E,(k;p,). In
fact, if this is not the case, taking a point 77 € F[2] — €, (k;p,), we can show

xp, Zxr (modyp,) for T el — {0},

and hence A\(T1) € £*[2] — €% (k;p,). Thus it follows from (3.3), (4.1), (4.2) and g7, =0

that

A* = (a%Gf\((Tl))Q = (a%mTlg%)Q = m?rl (a%g%)Q = m%A (mod p,).

However, it is not hard to show my, = M(zp)/Jo(z7,)? # 0 (mod p,). Therefore we

have A* # 0 (mod p,), which contradicts the assumptions. Consequently we obtain
E[2] C € (k;p,), which implies

M(z) = Jo(z)®.

Hence we conclude mp # 0 (mod p,). O

5 Application to number theory

From now on, k& denotes a number field of finite degree, and we denote its ring of
integers by Oy.
Let E be an elliptic curve defined over k which has a k-rational point Ty of prime

order | # 2. Then we can take a Weierstrass equation for E of the form

y2 + a2y + azy = x° + a2x2 + aqx + ag

with
ai, ag, as, as, ag, T1y, Y1, € Ok.
Let
(5.1) Y24+ A XY +A3Y = X2+ A X2+ A X + Ag

be the equation for the elliptic curve E* = E/(Tj) and X\ : E — E* the isogeny of kernel

(To) which are given by Vélu’s formulas. Then we have
Ah A27 A37 A4a AG € Ok‘
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We also note that all the coefficients of the polynomials /(z) and Jy(z), defined in Sec-
tion 3.1, are in Ok. We define a cubic polynomial F(X) and a polynomial A;(x) of degree
[ (with a parameter t) by

F(X) =4X3 + (A7 4+ 4A5) X? + 2(A1 A3 + 24,) X + A3 + 44
and by
Ai(z) = I(x) — tJo(z)?,

respectively.
Now we take £ € k which satisfies the following two conditions:
(CO) F(€) #0.
(C1) Ag(x) is irreducible over k.

We also take a point ) on E* with Xg = ¢, and put

K=kQ) (=k(VF©)), L=kX"Q) (=K("'@)).

Then L/K is a cyclic extension of degree [, and L is the splitting field of A¢(x) over K

(see [11, Lemma 5.5]). Moreover we have

(5.2) Ae(z) = H (x —zp).

Pex—1(Q)
With the notation and the assumptions described above, the author showed in [11]

that the extension L/K is unramified if the point @ is good:

Theorem 5.1. (See [11, Theorem 5.1]) Suppose that the point Q) is good modulo
with respect to (5.1) for a prime ideal B in K. Then the extension L/K is unramified at

.

Conversely, we can easily show the following theorem by using Theorem 2.2:

Theorem 5.2. Suppose that the point Q) is bad modulo P with respect to (5.1) for a
prime ideal P in K. Then all the coefficients of the polynomial A¢(x) are p-integral, and

we have

Ae(z) = (z —a)'  (mod p)
for some a € O. Here p denotes the prime ideal in k lying below *B.
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Proof. Suppose that () is a bad point modulo B. Then { = X is a p-integer, and
it, follows from Theorem 2.2 that all the points in A™'(Q) are bad (modulo each prime
divisor of P in L). Thus, writing « the z-coordinate of the (unique) singular point on
E = Emod p, we have p = o for all P € \71(Q), which implies Kg(x) = (z — a)! (see
(5.2)). Hence, taking a € Oy, such that @ = a, we have A¢(z) = (z — a)' (mod p). O

Theorem 5.2 does not assert that the converse of Theorem 5.1 holds. In fact, the
converse does not necessarily hold (see Example 6.7). However, under certain assumptions,

we can show the converse of Theorem 5.1:

Corollary 5.3. Let the notation and the assumptions be the same as in Theorem 5.2.
We also assume & € Oy and [O) : Oxl0]] # 0 (mod p). Here 0 is a root of A¢(x), and
Oko) denotes the ring of integers of k(0). Then the extension L/K is ramified at B.

Proof. It follows from the assumptions and Theorem 5.2 that p is decomposed into
the form p = (p,0 — a)" in k(0) (see, e.g., [1, Proposition 2.3.9]). Hence we obtain the
assertion because of [L : K| =1 and [K : k] < 2. O

We recall that the extension K/k is trivial, i.e., K = k, or quadratic according as

F(&) € k holds or not. In the latter case, we have the following:

Proposition 5.4. Suppose that the extension K/k is quadratic. Then L/k is a dihedral
extension of degree 21, and L is the splitting field of A¢(x) over k.

Proof. Let P be a point in A™'(Q). Then we have L = k(P), for (T,) C E(k).
Moreover, for any o € Gal(k/k), there exists (i, jo) € (Z/27) x (Z/I7Z) such that

Q"=[-D)"1Q,  P*=[-1)"]P+ [jo] To.
The pair (i,,j,) is uniquely determined by o, and the map o — (i,, j,) satisfies
7:07' - io + ira ja'r = jU + (_]-)ZUJT

Thus we obtain the former assertion. The latter assertion immediately follows from the

former one. O

It follows from the above proposition that the multiple [i|@, where i is an integer not

divisible by [, has the same properties as Q:
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Corollary 5.5. Let the notation and the assumptions be the same as in Proposi-

tion 5.4. We take an integer i not divisible by [, and put
Q=[Q, ¢=Xq.
Then we have & € k, k(Q') = K and k(A\™*(Q')) = L. Moreover, & satisfies the two

conditions (CO) and (C1), replaced & with &'

Proof. The first assertion &’ € k is obvious. We put K’ = k(Q') and L' = k(A71(Q")).
Then we have K’ = k(y/F(¢')) € K and L' C L. Now the extension L'/K’ is trivial or
cyclic of degree [ according as @' € A(E(K’)) holds or not. However, taking the integers
4,7’ such that ij + [’ = 1, we obtain

Q = []Q + [171Q € 1)@ + M(B(K)),
since we have [[|E*(K) C A(E(K)). Thus, if L'/K’ is trivial, we obtain
Q € ME(K)) + AE(K)) = ME(K)),

which contradicts [L : K] = [. Hence L'/K' is cyclic of degree [, which implies K’ = K
and L' = L, for L/K is dihedral of degree 2[. The rest of the assertions are immediate. [

6 Quadratic number fields with class numbers divisible by 5

For nonzero integers a and b, the elliptic curve E defined by
y* + (a+ by + ab’y = 2° + aba®
has a rational point T = (0,0) of order 5. Then A : E — E* = E/(T}) is given by

Y2+ (a+b)XY + ab’Y = X3 + abX? + 5ab(a® — 2ab — b*) X
+ ab(a* — 10a®b — 5a%b* — 15ab® — b*),

which has A* = —ab(a® + 11ab — b*)°, with

I(x) = 2° + 2abz* — ab(a® — 3ab — b*)a® + 3a*b*(a + b)2? + a*b*(a + 3b)x + a*b",
Jo(z) = 2% + abz.

15



Consequently, putting
F(a,b; X) =4X3 + (a* + 6ab + b*) X? + 2ab(10a* — 19ab — 9b*) X
+ ab(4a* — 40ab — 20ab* — 59ab’® — 4b)
and
A(a,b,t;x) = 2° + 2abx* — ab(a® — 3ab — b*)x® + 3a®b*(a + b)x? + a®b*(a + 3b)x + a*b°
— t(z* + 2aba? + a*V?2?),

we have:

Theorem 6.1. (See [11, Theorem 5.1]) Let & be a rational number which satisfies the
following two conditions:

(C1) A(a,b,&;x) is irreducible over Q.

(C2) For any prime divisor p of ab(a® + 11ab — b?),

min {ord, F(a,b;§), ord, F'(a,b;£)} <0 (if p # 2),

(6.1)
ords £ <0 (if p=2).

Then the field Q( F(a, b;é)) 15 quadratic with class number divisible by 5.

REMARK 6.2. (i) The condition (C1) implies ab # 0 and F(a,b;&) # 0. Indeed, we
have A(a,b,&;x) = 2*(x — €) if ab = 0, and the discriminant of A(a,b,&;x) is equal to
a1 F(a,b; &)

(ii) The condition (6.1) means that the point ¢ on E* with Xy = ¢ is good modulo p.

Using Theorem 6.1, we can easily construct a lot of quadratic number fields with class
numbers divisible by 5 (cf. [9]). We close the present paper with studying the “converse”

of the theorem:

QUESTION 6.3. For a quadratic number field with class number divisible by 5, can we
express the field as @( F(a,b; f)) with some integers a,b and some rational number &

satisfying the conditions (C1) and (C2)?

A numerical experiment with PARI/GP [7] shows:
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EXAMPLE 6.4. There are 687 quadratic number fields K which satisfy |dx| < 10000
and 5 | hi. Here dg and hy denote the discriminant and the class number of K, respec-
tively. We can express all of them with a,b and ¢ satisfying the conditions (C1), (C2)

and
la| < 100, ] < 100, | (numerator of &) - (denominator of £)| < 10000,

except K = Q(\/—2290 ) We can also express Q(\/—2290 ) with much larger parameters,
which are obtained with the help of Professor Yuichi Rikuna [8].

If we ignore the condition (C2), it is not hard to obtain a positive answer:

Theorem 6.5. Let K be a quadratic number field with class number divisible by 5.

Then there exist nonzero integers a,b and a rational number &, satisfying the condition
(C1), such that K = Q(\/F(a,b;£)).

In order to show the above theorem, we introduce Brumer’s quintic polynomial
B(s,u;2)=2"+ (s = 3)2" + (u—s+3)2° + (s — s —2u — 1)2* + uz + s,
which has the following property:

Lemma 6.6. (See, e.g., [4, Theorem 2.3.5] or [6, Théoreme 2.1]) Let k be an arbitrary
field, and let L/k be a dihedral extension of degree 10. Then L is the splitting field of

B(s,u;z) over k for some s,u € k.

With a similar calculation to the one in [6, Section 2], we can verify that B(s,u;z) is

connected with A(a,b,t;x) via the following formula:

5
B(s,u;z) = %A(—s,l,—Qs—u;z).

Proof of Theorem 6.5.  Let K be a quadratic number field with class number divisible
by 5. Then it follows from the class field theory that there exists a unramified cyclic
extension L/K of degree 5, and that L/Q is a dihedral extension of degree 10 (see, e.g.,
2, Lemma 3]). Hence L is the splitting field of B(s,u;z) over Q for some s,u € Q. Then

clearly s # 0. Thus, taking (nonzero) integers a,b and a rational number £ with

£
2

—25 —u =
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we have
5

z ab
B(s,u;z) = WA(CL,I),S;—;).
Consequently, L is also the splitting field of A(a,b,&;x) over Q, and hence A(a, b, & ; x)
cannot be reducible over Q. Finally, we define elliptic curves E, E* and an isogeny A :

E — E* in the same manner as in the beginning of the present section. We also take a

point ) on E* with Xg = & Then we have L = Q()Fl(Q)), and hence K = Q(Q) =
Q(\/Fl(a,b;¢)).

In view of Theorem 5.2 and Corollary 5.3, one might expect that the integers a,b
and the rational number ¢ in Theorem 6.5 also satisfy the condition (C2). The following
example shows that the expectation does not necessarily hold, and that we still have a

possibility of obtaining a positive answer to Question 6.3.

EXAMPLE 6.7. Taking a = b = 1 and £ = —106, we have A* = —11% and
F(1,1; X) =4X3 +8X? — 36X — 119,
A(1,1,-106 ;) = 2° + 1082% + 2152 + 11222 + 4 + 1.
It is not hard to verify that A(1,1,—106;x) is irreducible over @@, and that the class

number of Q(\/F(l, 1; —106)) = Q(\/—319) is equal to 10. On the other hand, these

a,b and & do not satisfy the condition (C2):
F(1,1;-106) = —11° - 29, F'(1,1;-106) = 2*- 5% - 11°.

In other words, any point () on E* with Xy = —106 is bad modulo 11. Moreover, we
have

A(1,1,-106;2) = (z — 7)° (mod 11), [Oq) : Z[0]] =117,

where 6 is a root of A(1,1,—-106;z) and Og) denotes the ring of integers of Q(6).
Nevertheless, taking )" = [2]Q instead of ), we have X = —785/29 and

785 11 - 126892 785\ 2%.719-1217
F<1,1;—i>:——68, F’(l,l;— 8 ): J .
29 297 29 202

Hence Q(\/—319) can be expressed with a = b = 1 and & = —785/29, which satisfy
the conditions (C1) and (C2), replaced & with &' (cf. Corollary 5.5). Thus Q(A71(Q)) =
Q()\_I(Q’)) is a cyclic extension of Q(Q) = Q(Q’) = Q(\/—319) of degree 5, in which

every finite place is unramified.
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