ON THE CLASS NUMBERS OF CERTAIN NUMBER FIELDS
OBTAINED FROM POINTS ON ELLIPTIC CURVES II*

ATsusHr SATO

Abstract

We construct a family of cyclic extensions of number fields, in which every finite
place is unramified, from an elliptic curve with a rational torsion point. As an
application, we obtain such polynomials F/(X) of rational coefficients that have the
following property: For a rational number £ chosen at random, the class number of

the field generated by the square root of F'(§) is “often” divisible by 3,5 or by 7.

1 Introduction

The ideal class groups of number fields have been studied for a long time. One studies
the ideal class groups by using certain Diophantine equations, especially the arithmetic
theory of elliptic curves. For example, T. Honda [3] (see also [2]) used elliptic curves
to find infinitely many real quadratic fields whose class numbers are multiple of 3. The
author [6] gave a geometric interpretation of Honda’s work, and showed, e.g., that the
cubic polynomial 4X? — 27 has the following property: For ¢ € Q chosen at random, the
class number of the field Q(\/M) 15 divisible by 3 with “probability” greater than
or equal to 3/4.

On the other hand, J.-F. Mestre [5] used elliptic curves to find infinitely many imag-
inary and real quadratic fields whose 5-ranks or 7-ranks are at least 2. Mestre’s work is
based on scheme-theoretic argument, and the minimal models play an important role in

the proof.
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In the present paper, we study a way to construct cyclic extensions of number fields,
in which every finite place is unramified, from an elliptic curve with a rational torsion
point. Our method is similar to Mestre’s in a certain sense. However, we do not use
scheme theory nor minimal models. Instead of those tools, we use Vélu’s formulas [9]
(see Section 2) and the notion of “good points” on an elliptic curve with respect to a

Weierstrass equation (see Section 4).

Here we briefly state the main results. Let k& be a number field of finite degree, and
let E be an elliptic curve defined over k which has a k-rational point Tj of prime order [.

We take a Weierstrass equation for £ of the form
y2 + a1y + asy = 2+ a2m2 + a4 + ag

with

ai, agz, ag, a4, Ag, J;(TO), y<T0) S Ok

and we denote its discriminant by A. Here Oy denotes the ring of integers of k. Let
Y24+ A XY +A3Y = X2+ A X2+ A X + Ag

be the equation for E* = E/(Ty) and \ : E — E* the isogeny of kernel (Ty) which are
given by Vélu’s formulas (E* is known to be an elliptic curve defined over k). Here (Tp)
denotes the subgroup of E(k) generated by Ty. With the notation and the assumptions

described above, we can state the main results as follows:

We can construct a subset = of k (for the definition, see Theorem 5.1) which satisfies
the following two properties:

(i) (Theorem 5.1) For any Q € E* — {O} with X(Q) € Z, the field k(A\™H(Q)) is a
cyclic extension of k(Q) of degree | in which every finite place is unramified.

(ii) (Corollary 6.4) The set = has a positive density in k:

i FLEET MO <B) _pr

im =11
Booco #{{ €k Hy(§) < Bt 3 Npi+1
where Hy(§) denotes the exponential height relative to k of £&. Here pq,...,p, denote the

distinct prime divisors of A in k, and Nyp; denotes the absolute norm of p;.
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From these results, we conclude that the cubic polynomial
F(X) =4X? + (A3 + 445) X% + 2(A1 Az + 24,) X + Aj + 4 A4

has the following property:

Assume | # 2. Then the elements £ € k for which the class number of K¢ =
k(\/F(€)) is divisible by | have a positive density in k:

L H#{Eek s U hk,, Hi(§) < B} _ {4 Np;
b e e H6) < B Zngle'

We close this section with an example (see Examples 2.4 and 6.7). Let E be the elliptic

curve defined over k = Q given by
v — T8xy + 6241y = 2° — 7922,

whose discriminant is —79° - 7109, which has a rational point Ty = (0,0) of order [ = 5.

For this case, our results imply: For & € Q chosen at random, the class number of

Q(1/4€3 + 576862 + 8635964¢ + 10019781641 )

1s divisible by 5 with “probability” greater than or equal to

79 7109

: =0.9873---.
7941 T7109+1

2 Review of Vélu’s formulas

In this section, we briefly review Vélu’s formulas. For details, see Vélu’s original paper

9] (cf. also [4]).

Let E be an elliptic curve defined over a perfect field k, and let ' be a finite subgroup
of E which is invariant under the action of Gal(k/k). Here k denotes an algebraic closure
of k and Gal(-) the Galois group. Then there exist an elliptic curve E* and a separable
isogeny A : E — E*, which are defined over k, such that Ker A = I'. Such a pair (E*, \)
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is unique up to k-isomorphism, and E* is often denoted by E/T". Given Weierstrass
equation for F and the coordinates for the points in I', computing an equation for £* and
an explicit form for A : ' — E* of kernel I can be done by using Vélu’s formulas.

Let
(2.1) Y2+ a1y + asy = 20 + agr? + asx + ag (a; € k)
be an equation for E. We define ¢*, g% € k(E) by
(2.2) ¢° = 32% + 2000 + ay — ayy, gy = =2y — a1x — as.

For P € E — {O}, we shall write the values z(P), y(P), ¢°(P), ¢*(P) by zp, yp, gp, g5,

respectively, and set

P if P e E[2)
tp = s up = (gP
29% — a1g% otherwise

Taking a set I'g C T" of perfect representatives for (I' = {O})/ £ 1, we put

t=> tr,  w= Y (up+ i)

Tely Telo

These two quantities are in k, and do not depend on the choice of I'y. Letting
Al = daq, Ag = Qy, A3 = as, A4 = Q4 — 5t, AG = g — (CL% +4&2)t — 7’LU7

we can state the formulas as follows:

The elliptic curve E* = E /T and the separable isogeny X : E. — E* of kernel T are
given by

(2.3) Y24+ ALXY + AsY = X3+ A, X%+ Ay X + Ag

and by

tT ur
X =
x—i—z <x—xT+(x—:pT)2>’

Tely
24 2y + arx + ( ) + 2 gy
@mx+a a(xr —x — ajur —
Y —y— Z (UT y(x _1:E g 3 44 @jx )?; yr 1(;_ ng)gT) ’
Tery r r T
respectively.



REMARK 2.1 Expressions (2.4) are derived from
X=ux+ Z (x o1 —x7), Y=y+ Z (yorr —yr),
Ter—{0} Ter—{0}
or equivalently,
X+ ¥ w=Yaom T+ ¥ w=Yyem
Ter—{0} Ter Ter—{0} Ter

by using the addition formulas. Here 7y denotes the translation-by-7T-map on E. Note

that we regard k(E£*) as a subfield of k(E):
K(E*)={¢p € k(E); porpr=¢forall T eT'}.
Thus we have
(25) Xo+ Y. ar= Y ap, Yor Y yr= Y  yp forQeE —{0},

Ter—{0O} Pex—1(Q) Ter—{0O} Pex—1(Q)

where X and Yy denote X (@) and Y (()), respectively.

REMARK 2.2 One verifies that the invariant differential

dx dy
w(z,y) = T
-9 g
on E associated with (2.1) is equal to the one
dX ay
oY T oX

w(X,Y) =
on E* associated with (2.3). Here we define G*,G¥ € k(E*) by
(2.6) G¥* =3X%+24,X + Ay — AY, GY = 2Y — A X — As.

EXAMPLE 2.3 (The case of I' = Z/3Z) If E has a k-rational point Tj of order 3, then

FE has an equation of the form
y? + axy + by = 2° (a, bek, bla®> —27b) # O)
with Ty = (0,0), and E* = E/(Tp) is given by

Y2 +aXY +bY = X3 —5abX — a®b — TH°.



EXAMPLE 2.4 (The case of I' = Z/57) If E has a k-rational point Tj of order 5, then

E has an equation of the form
v+ (a+b)zy + ab’y =2 + abs®  (a,b €k, ab(a® + 11ab—b%) #0)
with Ty = (0,0), and E* = E/(Tp) is given by

Y2+ (a+b)XY + ab’y = X3 + abX? + 5(a3’b — 2a%b® — ab3)X
+ a®b — 10a*h? — 5a*b® — 15a2b* — ab®.

EXAMPLE 2.5 (The case of I' = Z/77) If E has a k-rational point Tj of order 7, then

FE has an equation of the form

y? + (a® + ab — b*)zy + a*b*(a — b)y = 23 + ab?(a — b)z?
(a,b € k, ab(a — b)(a® + 5a*b — 8ab® + b*) # 0)

with Ty = (0,0), and E* = E/(T}) is given by

Y2+ (a® +ab— )XY + a®b*(a — b)Y
— X3 1 ab®(a — b) X2
+ 5ab(a — b)(a® — ab + b*)(a® — 5a?b + 2ab* + v*) X
+ ab(a — b)(a® — 18a%b + 76a7b? — 182a5b® + 211a°b*
— 132a*° + 70a3b° — 37ab” + 9ab® + 1°).

3 Consequences of the formulas

In this section, we study about the form of the isogeny A : £ — E* which is given by

Vélu's formulas. Notation and assumptions are the same as in the previous section.

3.1 Relations among G*, GY and g%, g¥ The functions G¥,G¥ € k(E*),
defined by (2.6), can be written by using g%, ¢¥ € k(F), defined by (2.2), as

G* =mg" +n(g¥)?, GY =mg¥.

Here we define m,n € k(E) by

m=1-2 ((a: —tJ;L’T)Z e iu;T)?’) o 1;() ((:c —ti:T)?’ e iUZT)‘*) '

Telg
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Thus we have
(3.1) G5 =mpgp+np(gh)*, Gy =mpgh  for Q€ E*— {0} and P € \'(Q),

where G3y, Gy, mp, np denote G*(Q), G¥(Q), m(P), n(P), respectively (note that m

and n are regular on F — I'). These relations can be deduced from

de dy dX dY

(see Remark 2.2) combined with
dX = mdzx, dY = —ng¥ dx + mdy.

3.2 Relation between X and  We can rewrite the former expression of (2.4)

into
I
J(x)
with
I(z) =o' — ( Z xT>xl*1+--- ;
Ter—{0}
J(z) = H (x —ap) =21 — ( Z :cT>:cl*2+~~~ :
Ter—{0} Ter—{o}

where [ = #I' (= deg A). It is easy to verify that all the coefficients of I(z) and J(x) are
in k. Moreover, since [k(x) : k(X)] is equal to [k(E) : k(E*)] = [, these polynomials do
not have any common root.

Let @ be a point on E* with [2]Q # O. Then, for each P € A}(Q), we have
P+#0, Jxzp) #0and I(xp) — XgJ(zp) = 0. Therefore we conclude

(3.2) I(z) = XoJ(x)= ][] (z—ap),

Pex—1(Q)

since the assumption [2]Q # O implies

#{zp; PENQ)) = #A1 Q) =1



3.3 The field extensions arising from A Let @) be a point on E* with [2]Q # O.
We denote the fields

k(Q) = k(XQ7YQ)7 k(A_l(Q)) = k<$P, yp; P € )‘_I(Q))

by K, K’, respectively. Since the isogeny A is defined over k, we have K C K'.

Now, we assume that the the field £ is not of characteristic 2. Then we have
K =k(Xq.Gy), K =k(zp, gb; PEXQ)).

Here, it follows from (3.1) and the assumption [2]Q # O (i.e. Gy, # 0) that mp # 0 and

g% = m;ng € k(zp,Gyy). Therefore we conclude
(3.3) K' =K(zp; PeX Q).

Thus K' is the splitting field of the polynomial I(x) — XqJ(z) over K (see (3.2)).

4 Relation with reduction maps

In this section, we shall apply Vélu’s formulas to elliptic curves of certain type, and
study about the relation among the isogeny and the reduction maps with respect to a
non-archimedean valuation on the ground field.

Let k be a perfect field, and let v be a non-archimedean valuation on k. We denote the
valuation ring, the valuation ideal and the residue field by O,, p, and by k&, respectively.
For a € O,, we sometimes denote the element a mod p, of x, by a.

Let E be an elliptic curve defined over k which has a k-rational point Ty of prime

order |. Then we can take a Weierstrass equation for E of the form

(4.1) V2 azy + asy = 23 + asr? + aux + ag
with
(42) ai, Qg, ag, G4, a6, TTy, YTy € OU‘

We fix such an equation and consider the reduction of £ modulo p,. That is, let E =

E mod p, be the curve defined over k, which is given by
(4.3) Y2+ azy + asy = 23 + dor? + auz + ag,
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and let
E(k) > P+ P =Pmodp, € E(k,)

be the reduction of E modulo p,, with respect to Equation (4.1). Using the reduction map,
we define two subsets of F(k) as
&olkip,) = {P e B(k): PeEulr)},  &xllipy) = {PeEk); P=0}.

We call P € E(k) is good modulo p, with respect to (4.1) if it belongs to Ey(k;p,) (we
often omit the phrase “modulo p, with respect to ...”). Similarly, we call P € E(k) is bad
if it does not belong to £y(k;p,). Then clearly {O} C €, (k;p,) C Eo(k; p,). Moreover, it

is easy to observe:
Proposition 4.1 (i) For P € E(k) — {O}, we have
Peli(kip,) = 2pg0, <= ypgO,
(ii) For P € E(k) — E4(k;p,), we have
P& &k;ipy,) == gp=gp=0 (modp,).

REMARK 4.2 Whether a point P € E(k) is good or bad is determined only by a
congruent condition for its x-coordinate modulo p,. More precisely, putting A the dis-
criminant of (4.1), we have:

(i) If A # 0 (mod p,), then every P € E(k) is good.

(ii) If A=0 (mod p,), then P € E(k) is bad if and only if zp € O, and

flxp) = f'(rp) =0 (modp,) if 2#0 (mod p,)
T4 = ay (mod p,) if 2=a; =0 (mod p,)
Tp = ag/a (mod p,) if 2=0, a3 Z0 (mod p,)

hold. Here we define a cubic polynomial f(z) by
flx) = 42° + (af + 4a2)2” + 2(ara3 + 2a4) + a3 + 4ag.

Note the sets Eg(k;p,) and €, (k;p,) defined above are not uniquely determined by
k,v and by E. However, one can verify the following (cf., e.g., [8, Chapter VII, Proposi-
tion 2.1]):



Proposition 4.3 The set Eo(k;p,) is a subgroup of E(k), and the map
Eo(k;p,) 2 P — P € Ey(ky)
is a group homomorphism of kernel € (k;p,).

Let T" be the subgroup of E(k) generated by Ty. Then I' is of prime order [, and its
subgroups I' N Ey(k; p,) and T' N €4 (k; p,) must coincide with {O} or I'. On the other
hand, the assumption zr,, yr, € O, implies Ty & € (k;p,). Thus we have:

Corollary 4.4 (i) I'n &y(k;py) coincides with {O} or T.
(i) T e, (ksp,) = {O).

We note that the corollary above implies

(4.4) xr, Yry, 97, Gy tr, ur € O, forall T e I' — {O}.
Now, let
(4.5) Y24+ A XY + AY = X3+ A, X%+ A X + Ag

be the equation for the elliptic curve E* = E/T" and A : E — E* the isogeny which are
given by Vélu’s formulas. Then the assumption (4.2) together with (4.4) imply

A17 AQa A37 A47 AG € Ov'

Moreover, one easily observes that all the coefficients of the polynomials (z) and J(x),
defined in Section 3.2, are in O,. Let E* = E* mod p, be the curve defined over x, which

is given by
(4.6) v+ Aley + /~13y = 23 + Apx® + Ayx + A,
and let

E*(k)>Qvr— Q = Q mod P, € E*(KJU)

be the reduction of E* modulo p, with respect to (4.5). Using the reduction map, we
define E(k; py), €% (k;py) € E*(k) in the same manner as for £. Then we can obtain the

same ones for £* as Proposition 4.1, Remark 4.2 and Proposition 4.3.
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With the notation and the assumptions described above, we have the following the-
orem, which asserts that the inverse image by A of every good point contains a good

point:

Theorem 4.5 Let Q be a point in E(k;p,) such that \™1(Q) C E(k). Then at least
one point in A\71(Q) is contained in Eo(k;p,):

)‘71(@) N 80(k§Pu) 7& @

Proof. Since the assertion is clear if Q = O, we assume () # O. As mentioned in
Corollary 4.4, the set I' N Ey(k; p,) coincides with {O} or T'.

(i) We first consider the case 'NEy(k; p,) = {O}, i.e. the case where every T' € I'—{O}
is bad. In that case, it follows from Proposition 4.1 that each T" € I' — {O} satisfies
g% = ¢% =0 (mod p,), and hence t7 = ur = 0 (mod p,). Therefore we have t = w =0

(mod p,) and
Ai=a1, Ay=ay, As=a3, As=as (modp,), As=as (modp,).

Thus Equation (4.6) for E* coincides with Equation (4.3) for E. We also note that all
T € I' — {O} are reduced into the same point. That is, writing « the z-coordinate of the
(unique) singular point on E, we have #7 = a for all T € T’ — {O}.

Now, suppose A™1(Q) N Ey(k;p,) = 0. Then every P € A7}(Q) is bad, and hence
satisfies Tp = a. Consequently, it follows from (2.5) that X, € O, and Xy = a.
Therefore we conclude @ & Ej(k; p,), which contradicts the assumption.

(ii) We next consider the case I' N Eg(k;p,) = I, i.e. the case where every T € T is
good. In that case, we have A\™1(Q) C &y(k; p,). Indeed, if A7*(Q) has a bad point P, then
we have zp,yp € O, and g% = g% = 0 (mod p,). Moreover, the assumption I' C Eq(k; p.,)
implies xp # zr (mod p,) for all T € I' — {O}, and hence we obtain Xg,Yy € O, by
(2.4). On the other hand, it follows from (3.1) that G = Gy, = 0 (mod p,). Thus we
conclude @ & E5(k;p,), which contradicts the assumption. O

REMARK 4.6 From the argument in the above proof, one observes that the condition

A =0 (mod p,) implies A* =0 (mod p,). Here A* denotes the discriminant of (4.5).
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5 Construction of unramified extensions

From now on, k denotes a number field of finite degree, and we denote its ring of
integers by Oy.
Let E be an elliptic curve defined over k which has a k-rational point Ty of prime

order |. Then we can take a Weierstrass equation for E of the form
(5.1) y* 4+ a1y + asy = 2° + asx® + aux + ag

with

ay, az, as, a4, G, T1y, Y1, € Of.

Let ' be the subgroup of E(k) generated by Ty. Then it follows from the local argument
in Section 4 that

(5.2) T, Yr, 91y 9oy tr, ur € Ok forall T e T — {O}.
Thus, letting
(5.3) Y2+ A XY + AsY = X2 4 A, X2 + A X + Ag

be the equation for the elliptic curve £* = E/I" and \ : E — E* the isogeny of kernel '

which are given by Vélu’s formulas, we have
Ar, Az, Az, Ay, Ag € Oy

We also note that all the coefficients of the polynomials I(x) and J(z), defined in Sec-
tion 3.2, are in Oy.

Now, we define a cubic polynomial F(X) by
F(X) =4X°% 4+ (A7 +4A9)X? + 2(A1 43 + 2A0) X + A3 + 44,

and put K¢ = k(y/F(€)) for £ € k. For Q € E* — {O} with Xq = £ € k, it is easy to
verify that the field K¢ coincides with £(Q)). We also define a polynomial A¢(z) of degree
[ by

Ae(z) = I(x) = &J(x)
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for each & € k. Let A and A* denote the discriminants of (5.1) and (5.3), respectively.
For each prime divisor p of A in k (it is also a prime divisor of A* by Remark 4.6), let
Xbad(k;p) be the set of such £ € Oy, that satisfy the condition

F&=F (=0 (modp) if 2#0 (mod p)
2= A (mod p) if 2=A4,=0 (mod p)
£ = A3/A (mod p) if 2=0, Ay 20 (mod p)

(cf. Remark 4.2). Here Oy, denotes the localization of Oy at p. One might call Xy.q(k;p)
the set of bad X -coordinates on E* modulo p with respect to (5.3).

With the notation and the assumptions described above, we have:

Theorem 5.1 Let = be the set of such & € k that satisfy the following three conditions:

(C0) F(€) #0.

(C1) Ag(x) is irreducible over k.

(C2) & & Xpaa(k;p) for all prime divisors p of A in k.
Then, for any Q € E* —{O} with Xq € =, the field k()\_l(Q)) is a cyclic extension of
k(Q) of degree | in which every finite place is unramified.

Since a Galois extension of odd degree is unramified at every infinite place, by using

the class field theory, we obtain the following:

Corollary 5.2 Suppose | # 2. Then, for any & € =, the class number of the field K
15 divisible by [.

REMARK 5.3 Setting @ = 0 in Example 2.3 (the case of | = 3), we have F(X) =
4X3 — 27b% which the author studied in [6].

REMARK 5.4 In the case where the field k is totally imaginary, one has the same

result as the corollary above even if | = 2.

Now, we give a proof of Theorem 5.1. Roughly speaking, our method to prove the
theorem is similar to the proof of the Weak Mordell-Weil Theorem (see, e.g., [8, Chap-

ter VIII, Section 1]). We shall use Theorem 4.5 in place of the direct calculation in
6]
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At first, we fix a point Q € E* — {O} with X = ¢ € Z, and put

K=k@Q) (=Ke), K =k(A'(Q))
Then:

Lemma 5.5 (i) K’ is a cyclic extension of K of degree .
(ii) For any P € A™Y(Q), we have K' = K(P).
(iii) The map

t:Gal(K'/JK)20+—— P —Pe€eT

(P is a point in A"Y(Q)) is a group isomorphism.

Proof. It is immediate from I' C E(k) C E(K) and Q € E*(K) that K'/K is a
Galois extension, K’ = K(P) holds for any P € A™}(Q) and that ¢ is an injective group
homomorphism. Thus we have only to show that ¢ is surjective.

Since the group I' is of prime order [, its subgroup Im ¢ must coincide with {O} or T'.
Moreover, the assumption (C0) implies that K’ is the splitting field of A¢(z) over K (see
(3.3)). Hence we conclude Im¢ =T" by the assumption (C1). O

Next, we fix a prime ideal 8 in K and show that K’/K is unramified at 3. Since
[K': K| =l is prime, we may assume that B is not decomposed in K’. Let " denote the

unique prime divisor of P in K’ and &’ its residue field. Let
E(K') 3 P+—— P mod P’ € (E mod P')(x')

be the reduction of £ modulo B’ with respect to (5.1). Using the reduction map, we define
Eo(K'; P, EL(K';P') € E(K') in the same manner as in Section 4. These subsets are
Gal(K'/K)-invariant subgroups of E(K’), for we have assumed that ‘B is not decomposed
in K’. Therefore, putting Iq /g the inertia group for P’/B, we have P7 — P € £, (K'; ')
for any P € & (K';P’) and any 0 € Iy,p. In particular, taking P from A71(Q) N
Eo(K'; ), which is a nonempty set by the assumption (C2) and Theorem 4.5, we obtain

PP —PeTNné& (K;P)
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for all o € Ig /. However, it follows from (5.2) that I' N € (K";P’) = {O}, and hence
the point P is invariant under the action of o € Igy/p. On the other hand, we also have
K' = K(P). Thus we conclude Iy = {1}. That is, K'/K is unramified at 93, which

completes the proof of Theorem 5.1.

6 The density of =

In this section, we show that the set = defined in the previous section has a positive
density in k with respect to a height function. For a k-rational point P € P41(k) on
(d — 1)-dimensional projective space, we denote its exponential height relative to k& by
H(P) (for the definition and the basic properties of heights, see, e.g., [1, Part B]). Then,

as was shown by Schanuel [7], one has
(6.1) #{PeP'(k); H,(P) < B}~ Cyy,B*

as B — oo. Here Cyy, is a positive constant depending only on d and & which can be
written in an explicit form. We regard P'(k) as k U {occ}, and study the asymptotic
behavior of the counting function # {& € = ; Hy(§) < B}.

Recall that the set = is defined by using three conditions (C0)—(C2). Among them, the
condition (CO0) holds for all but finitely many £ € k (there are at most three exceptions).
Thus we may omit the condition (C0). On the other hand, we can estimate the number

of such & € k that do not satisfy the condition (C1) as follows:
Lemma 6.1 We have
#{¢ €k ; Ae(x) is reducidle over k, Hy(€) < B} < B!
as B — oo.

Proof. We first show that, for ¢ € k with F(§) # 0, the following conditions are
equivalent:

(a) Ag(z) is reducible over k.

(b) Ag(z) has a root in k.

(b) &€ =1(¢)/J(¢) holds for some ¢ € k satisfying J(¢) # 0.
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Clearly, (b) implies (a). It is also immediate to see the equivalence between (b) and (b)'.
Thus we have only to show that (a) implies (b). The assertion is obvious in the case where
[ = 2, and we shall assume [ # 2 for the time being. Then, for £ € k with F(§) # 0, one
can show that the following conditions are equivalent in a similar fashion to the proof of
Lemma 5.5:

(A) Ag(z) is reducible over K.

(B) Ag(x) is decomposed into linear factors over K.
Here, clearly (a) implies (A). Moreover, since [ is assumed to be odd, it follows from
[K¢ @ k] < 2 that (B) implies (b). Consequently, for £ € k with F(£) # 0, the five
conditions described above are equivalent (under the assumption [ # 2).

By the equivalence between (a) and (b)’, we obtain
#{¢ € k; A¢(x) is reducible over k, Hy(§) < B} <#{¢e€k; H,(1(¢)/J(C)) < B}.
On the other hand, since I(x)/J(z) is a rational function of degree [, we observe
Hy(1(-)/J(+)) = Hi(-)

on k. Hence we conclude the assertion by the asymptotic formula (6.1). U

Now, we study about the condition (C2). Recall that the sets Xyaq(k;p) are defined
for prime divisors p of A in k. It follows from the definition that, for each p, there exists

a point &, € P'(Oy/p) — {oo} such that

Xpaa(k;p) = {¢ € P(k) ; §mod p=¢,}.

The distribution of rational points on a projective space with such conditions on reductions

as above can be estimated as follows:

Lemma 6.2 Let py,...,p, be distinct prime ideals in a number field k of finite degree.
Then, for every (Pi,...,P,) € [[;_; P (Ok/p;), we have

#{P P (k); Pmodyp; =P, foralli, Hy(P) < B} ~ (H %) Cyr B?
i=1 i

as B — oo. Here Np; denotes the absolute norm of p;.
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The lemma above can be shown in a similar (but more complicated) way to Schanuel’s
original proof (see also Watanabe [10, Example 1], which treats a modified height func-

tion).
Summing up the asymptotic formulas described above, we obtain:

Theorem 6.3 We have

r

#{E€Z; Hy&) < B}~ (H N;Vil) Coy B’
i=1 v

as B — oo. Here py,...,p, denote the distinct prime divisors of A in k.

Corollary 6.4 The set = has a positive density in k in the following sense:

_ #{Ec€T; HJ(O)<BY {1 Nps
éﬁo#{ﬁek;Hk(@éB}_l}NpiH'

REMARK 6.5 For an extension K of k, one can show that
#{¢ €2 ; Kc =K, H,(¢) < B} < (logB)"/?

holds for some r € Z>y. Thus the family {Kf}sez of (at most quadratic) extensions of k,

parametrized by =, consists of infinitely many fields.

Now, we assume [ # 2. Then it follows from Corollaries 5.2 and 6.4 that the elements
¢ € k for which the class number of K¢ = k(y/F(€)) is divisible by [ have a positive

density in k:
. #{Eek; U hi, Hi(€ <B} + Np,
lim inf .
Booo  #{E €k Hy(§) < B} L Np; + 1

Thus one might say: For & € k chosen at random, the class number of the field K¢ is
diwvisible by | with “probability” greater than or equal to [[, Np;/(Np; + 1).

EXAMPLE 6.6 Putting £ = Q, a =98 and b = —1 in Example 2.3, we obtain
F(X) =4X? 4+ 9604X? + 1764X + 3764741, A = —101-9319.

Thus, for € € Q, the class number of Q( F ({)) is divisible by 3 with “probability”
greater than or equal to

101 9319

. =0.9900- - -
101 +1 931941
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ExXAMPLE 6.7 Putting k =Q, a =1 and b = —79 in Example 2.4, we obtain
F(X) =4X? +5768X? + 8635964.X + 10019781641, A= —79-71009.

Thus, for ¢ € Q, the class number of @( F (5)) is divisible by 5 with “probability”

greater than or equal to
79 7109

. =0.9873---.
7941 T109+1

EXAMPLE 6.8 Putting £k = Q, a =4 and b = —97 in Example 2.5, we obtain

F(X) =4X?+ 110872905X? + 6379117545341648 X + 66809139857632818992656,
A= —-21.977.1017 - 1221457.

Thus, for ¢ € Q, the class number of @( F (5)) is divisible by 7 with “probability”
greater than or equal to

2 97 101 1221457

2+1 97+1 101+1 1221457 +1
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